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Abstract

Let ¢ = (V,E) be a connected graph. Assume a group CC containing colors. Let 7 :V(G) - CC be an
equitably colorable function. A dominating subset S of I is called an equitable color class dominating set if
the number of dominating nodes in each color class is equal. The least possible cardinality of an equitable
color class dominating set of G is called the equitable color class domination number itself. It is indicated
by vecc(G). In this paper, we study the changing and unchanging of ECC Domination number after the link
removal.

Keywords: Dominating Set, Equitable Coloring, Color Class (CC), Equitable Color Class (ECC), Equitable
Color Class Dominating Set, Link Removal
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1. INTRODUCTION

The study of the effect of removing a link on any graph theoretic parameter has interesting
applications in the network context. That is, analyzing the removal of a link is more vital
as an important consideration in the topological design of a network is fault tolerance. The
behavior of a network in the presence of a fault can be analyzed by determining the effect
that removing a link (link failure) from its underlying graph G has on the fault-tolerance
criterion. A detailed study of changing and unchanging domination is given in Chapter 5
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of Haynes et. al [6]. Further, The semi-expository paper by Carrington et. al. [2] surveyed
the problems of characterizing the graphs G into three classes based on link removal.

If a link is deleted, the value of y may increase or decrease or remain unaltered. Therefore
the link set E can be partitioned into the subsets E~, E® and E* where

E° = {uv € E: y(G — uwv) = y(G)}
E* = {uv € E: y(G — uv) > y(G)}
E- ={uv € E: y(G — uw) < y(G)}
Several results on links belonging to the above subsets are given in [6]. In this chapter,

we initiate a similar study corresponding to the equitable color class domination number
of a graph.

2. DEFINITIONS AND NOTATIONS

Definition 2.1: [5] Inagraph G = (V,E), asubset S of nodes is a dominating set if every
node in V — S is adjacent to some node in S. The least possible cardinality of the
dominating set of G is called its domination number and it is indicated by y(G).

Definition 2.2: [8] In a graph G, adjacent nodes don’t ordain the same color is known as
proper coloring. The least possible number of colors used to color a graph G is known as
its chromatic number and it is indicated by &(G).

Definition 2.3: A subset of nodes ordained to the same color is known as a color class.

Definition 2.4: [8] In a graph, adjacent nodes don’t have the same color, and the
difference between the cardinality of color classes is < 1 is called an equitable coloring
graph. The least possible number of colors used to equitably color a graph G is known as
its equitable chromatic number and it’s indicated by Bz (G).

Notation 2.5: Let X be any real number. Then [ X] indicates the greatest integer < X and
[X] indicates the smallest integer > X.

Notation 2.6: If a,4 be the integers and n > 0 then a = 4 (mod =) indicates n|a-6.

3. PRIMARY RESULTS

Definition 3.1: [4] Let G = (V, E) be a connected graph. Assume a group CC containing
colors. Let 7: V(G) — CC be an equitably colorable function. A dominating subset S of V
is called an equitable color class dominating set if the number of dominating nodes in
each color class is equal. The least possible cardinality of an equitable color class
dominating set of G is the equitable color class domination number itself. It is indicated

bY Yecc (G).

Theorem 3.2: [3] If G = (V, E) be a connected graph then yg.c(G) = kB where k € N and
B be the equitable chromatic number of G.
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Proof: let G = (V, E) be a connected graph and v,, v,, vs,..., v, be the nodes of G. The
equitable chromatic number of G is B Let 7: V(G) — CC be an equitably colorable function
where CC = {1,2,3,4, .....,8;}. Choose dominating nodes like a pair of @z number of
different color nodes. So, the number of dominating nodes in each color class is equal.
Let k be the minimum number of pairs to dominate a graph G. Hence, the equitable color
class domination number of a graph G is k2 where € N.

Example 3.3: A simple example of finding yz¢. of a general graph G.

Fig.3.1

@ of the general graph G is 3 and chosen dominating nodes in each color class are equal
and one, ygc (G) = 3.

4 LINK REMOVAL:

We observe that the ECC domination number ygq-(G) of a graph G may increase or
decrease or remain unchanged when a link is removed from G. Depending the ECC
domination number of the graph G after removing the link, the link set E(G) is partitioned
into three subsets Ez.., Epcc and Ej.. as follows.

Egcc = {uv € E: ygec(G — uv) = ypee(G)}

Efcc = {uv € E: Ygec(G — uv) > ygec(G)}

Egce = {uv € E ¢ Ygec(G — uv) < Yeee(G)}
In this section, we investigate the properties of the above sets.
Example 4.1:

(i) Let K,, be the complete graph with n nodes and n(nz_l) links. yzcc(K,) = n. After the

removal of the link, the number of links and yz is decreased by 1. Suppose the link uv is
removed then the nodes u and v have ordained the same color. Hence, ygcc(K,, — uv) =
n— 1. The value of ygc. is decreasing by 1 for each link removal. Hence, E(K,) =

EI;:CC(Kn)-
(ii) For the star graph S; , with n (uv, : 1 < r < n) pendant links, ygce(S1,) =1+ r%‘| _
After the removal of the link, the graph becomes a S, ,_; graph and one isolated node.
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When n is even, there is no change in xz and ygec(Sy, —uvy) =1+ I_g—l . When n is

odd, the value of yj is decreased by 1 and the center and isolated node have ordained
the same color. So, the colors are all ordained maximum 2 nodes. In the process of
choosing dominating nodes, we must choose the isolated node and suppose we choose
the center node the number of dominating nodes in the color of center node is 2.
Therefore, we must choose 2 nodes in all colors that implies we need to choose all nodes
as a dominating nodes. Therefore, ygcc(Sin—uv,)=n+1. Hence, uv, €
Efcc ifnisodd
{EECC if nis even’
Remark 4.2: There is a graph for which all the sets Ez.., Epcc and Ef.. are non-empty.

This is a general graph G, V(G) = {v,, V5, V3, V4, Vs, Vg }. and E(G) = {eq, €5, €3, €4, €5, €¢, €7}
xe(G) = 4. ECC Dominating set = {v,, v,, Vs, V6} and ygcc(G) = 4.

2

va € vy €7 g 4 3
Fig.4.1
Now determine the node removal sets using the following figure.
Yecc(G — e1) = 6> ygec(G)
Yecc(G — €3) = 6> ygec(6)
Yecc(G — e3) = 3 < Yecc(6)
Yecc(G — e4) =3 < ¥gec(6)
Yecc(G — e5) =3 < ¥gec(6)
Yecc(G — eg) =4 = Viec(G)
Yecc(G — e7) =4 = Ygec(G)

Now conclude that E2.. = {es e;}, Efcc = {e1,e;} and Ezc = {es, es, es}. Hence, all the
sets Ezcc, EScc and Ef-. are non-empty.
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1 ®3

2 3
3 2 3
1 1 1
2 1 3 3 2 1

1 2 3
G - e2 G - ey G - eg
2 3 3 2
1 1
4 2 3 3 2 4
G - 6 G - ey
Fig.4.2

Theorem 4.3: For the path graph n > 2, V(B,) = (v4,v,,...,1,) On n nodes, and E(B,) =
(e1,ez,..-,ep_1)onn—1linkswe have 1 <r <n -1,

1. Ifn=
2. Ifn=
{EECC
Egcc

Yecc(Pr — &) = {

0 (mod 6)

o c {Egcc if r =0 (mod 3)
" " \Ef.. otherwise

—1(mod 6)
if r=1,4(mod6)
otherwise

Yecc(By) if e € Epcc
Yecc(Py) +2  if e, € Efec
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3. Ifn=-2(mod 6) er €
{EZ{CC if r = 1,3 (mod 6)
Epcc otherwise
4. Otherwise, E(R,) = Egcc
Proof: let B, be the path graph, V(G) ={v,: 1 <r<n} and E(G) ={e, = V41 : 1<
r<n—1} xz(P) = 2and ygec(R) =221,
Case 1: If n = 0(mod 6)
Let n = 6k for some k € N.
Subcase 1: If r = 0 (mod 3)

After the removal of the link, the path is divided into two paths with 3t and n — 3t nodes
(1<t<k). So, it has t and ygc:(P,) —t dominating nodes. Therefore, ygcc(B,) IS
remained unchanged.

Subcase 2: Otherwise,

After the removal of the link, the path is divided into two paths with ¢t and n — t nodes (t #
3sand 1 <t<3k—-1,1<s<2k-—1).Whent =1andn— 1the path is divided into n —
1 node path and an isolated node. So, it has ygc:(B,) +1 and 1 dominating nodes.
Otherwise, it has ygcc(P;) and ygcc(P,—;) dominating nodes. Implies, ygcc(P:) +

Yecc(Pn_t) = 2 FET + 2 I’"T_tT . For the maximum value of t,

3k—1 3k+1
Vece(P) + Vece(Pao) = 2( T—=1 + T==1)

6 6
When k is even, r%w + r3"6+17 = r%w + r%w +1= r%w +1. When k is

3k—1 3k+1 3k 3k k k k+1 | k+1

Odgk, I’T"|+|' p —|—|_?—|+|_?—|—|_;—|+|_E—| —T+T—k+1—
=1 +1. So we have, ygcc(Pe) + Vece(Pu-t) = Yecc(P) + 2. Therefore, ygec(F,) is
increased by 2.

Edcc if r =0 (mod 3)

Ef.c otherwise '

Hence, e, € {

Case 2: If n = —1(mod 6)

Let n = 6k — 1 for some k € N. After the removal of the link, the path is divided into two
paths with r and n — r nodes, one is odd path and another one is even path.

Subcase 1: If r = 1,4 (mod 6)

When r = 1 and n — 1 the path is divided into n — 1 node path and an isolated node. So,
it has ygcc(B) + 1 and 1 dominating nodes. Otherwise, the path is divided into two paths
with3t +1andn —3t —1nodes (0 <t <k —1). So, ithas ygcc(Pst+1) and ygce (Pn_ze—1)
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dominating nodes. Implies, Ygcc(Pst+1) + Yece (Prn—zt—1) = 2 F%HW + 2 F%W . For

the maximum value of t,

3k — 2 3k + 1
Yece(Pat+1) + Vece (Pn—3t-1) =2( [ G 1+ 1T c —|>
When k is even, |—%—2—| + |—3kT+1—| - I—%—I T F%T t1= r%—l +1. When k is

3k-2 3k+1

3k 3k k k k+1 k+1
odd, FTJR_T [ " 1 = F?T + F?—I = |—E—| + |—E—| =T+T=k+1=

6k
[—=1+1=T—1+1 So we have, ygcc(Psr+1)+Vecc(Pn-ze-1) = Vecc(B) + 2.
Therefore, ygcc(B,) is increased by 2.

Subcase 2: Otherwise,

Where =3tor3t—1 (1 <t <2k —1). We can be changed the coloring order according
to preference in this case. So, it has y(B.) and y(B,_,-) dominating nodes. Implies, y(B.) +
Y(Poy) = I—g—l + I—%—I . For the maximum value of t,

When r=3t Y(Ps) +y(Paos) = T2 4+ T80T =2k -1+
|—6k—1;6k+3—| — 2k = Z(nT-I-l) =9 r%—| .

When r =3t =1, y(P3t-1) + ¥ (Proze41) = r@—l + r%w - I_%W +
1= ¥ 4k -1+1=2k=2(22)=2727.. So we have, y(B)+y(Puy) =
Yecc(B,). Therefore, ygcc(P,) is remained unchanged.

Ef.c if r = 1,4 (mod 6)

Hence, e e{ .
" " EX,; otherwise

Case 3: If n = —2(mod 6)

Let n = 6k — 2 for some k € N. After the removal of the link, the path is divided into two
paths with r and n — r nodes, both is either odd or even path.

Subcase 1: If r = 1 (mod 6)

When r = 1 the path is divided into n — 1 node path and an isolated node. So, it has
vecc(B,) +1 and 1 dominating nodes. Otherwise, the path is divided into two paths with

6t+1 and n—6t—1 nodes (1 <t<k—1). So, it has ygcc(Pst+1) and vece(Pr—gt—1)
dominating nodes. Implies, Ygcc(Pst+1) + Yece (Pr—et—1) = 2 I’%ﬂ‘l +2 M12=%227 . For

the maximum value of t,

6k — 5 6k — 2
YeccPets1) + Vecc(Prost-1) = 2( FTW + 1) - 2( ] 6 1+ 1)

6

=2( 27 +1) =ygec(P) + 2.
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Subcase 2: If r = 3 (mod 6)

When r =n — 1 the path is divided into n — 1 node path and an isolated node. So, it has
Yecc(B) +1 and 1 dominating nodes. Otherwise, the path is divided into two paths with

6t+3 and n—6t—3 nodes (0<t<k-—2k>1). So, it has ygcc(Pesr+3) and

. 6t+3
Yecc(Pn—st—3) dominating nodes. Implies, ygcc(Poess) + Vecc(Pr-st—3) = 2 |—_—| +

2|—n6t3

] . For the maximum value of ¢,

6k —9 6k — 2
VECC(P6t+3)+VECC(Pn—6t—3)=2(|_ c —|+2)=2<|_ c _|—1+2>

=2( 27 +1) =ygec(P) + 2.
Subcase 3: Otherwise,

Where =2t (1<t<3k—-2)or6t—1(1<t<k-1,k>1). We can be changed the
coloring order according to preference in this case. So, it has y(B.) and y(B,_,)
dominating nodes. Implies, y(B.) + y(B,_,) = I_g"l + I'%‘I . For the maximum value

of t,

2(3k 2)_| l-n—2(3k—2)—| _ |—6k—4—| +

When r = 2t, Y(Par) +v(Prae) = [ 3 3

ttlsaty —Zk—1+1_2k_2("+2)—2|'—"|.

When r=6t—1, y(Pst-1) +V(Po-gr+1) = |_6(k Shis (S Fm‘l = FMW +
Oy —ok—2+2=2k=2(22) =2 rgw . So we have, y(B) +y(P.,) =
Yecc(By). Therefore, ygcc(B,) is remained unchanged.

EZ, =13 doé
Hence, e, e{ see if v =13 (mod 6)
Egcc otherwise
Case 4: Otherwise
Subcase 1: If n = —3(mod 6)

Let n = 6k — 3 for some k € N. After the removal of the link, the path is divided into two
paths with » and n —r nodes (1 <r <n—1), when r = 1 the path is divided into one
path and one isolated node. If r = 0 (mod 3) the path is divided into two paths with 3t and
n— 3t nodes (1 <t <2k —2). So, it has ygcc(Ps;) and ygcc(Pn—3:) dominating nodes.

Implies, ygce(Pae) + Vecc(Pn_ze) = 2 I'%"I + 2 I'n_T”"I . For the maximum value of ¢,

3
Yecc(Pst) + Vecc(Pp-3t) = 2(k —1+1) = 2(k) = 2( Z )

= 2( r%—| ) = Yecc (Pn)-
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If r £ 0 (mod 3) the path is divided into two paths with t and n — t nodes (1 <t < 6k —
4,t # 0 (mod 3)). So, it has y(P,) and y(P,_;) dominating nodes. Implies, y(P;) +

Y(Pp_t) = F%"I + FnT_tW . For the maximum value of t,

n+3>

y(P) +y(Poy) =2k —14+1=2(k) = 2( -

=2(27) = ¥ece(B-
Hence, E(P,) = Epcc
Subcase 2: If n = 2(mod 6)
Let n = 6k + 2 for some k € N. After the removal of the link, the path is divided into two

paths with r and n —r nodes (1 <r <n-—1), when r =1 the path is divided into one
path and one isolated node. So, it has 1 and y(P,_;) dominating nodes. Implies, 1 +
y(Pooy) =1+ T2 =20k +1) = 2(*2) =227 = yjee(By). Otherwise, the path is
divided into two paths with t and n —t nodes (2 <t < 6k). So, it has yg.:(P;) and
Yecc(Pn—¢) dominating nodes. Implies, vgcc(Py) + Vecc(Pr—t) = 2 I_é—l + 2 I_nT_t—l . For

the maximum value of ¢,

n+4)

Yecc(Pe) + Vecc(Pn-¢) = 2(k + 1) = 2( c

= 2( r%—| ) = Yecc (Pn)-
Hence, E(B,) = E2cc
Subcase 3: If n = 1(mod 6)
Let n = 6k + 1 for some k € N. After the removal of the link, the path is divided into two

paths with » and n —r nodes (1 <r <n—1), when r = 1 the path is divided into one

path and one isolated node. So, it has 1 and ygqc(P,-,) + 1 dominating nodes. Implies,
24 Vpec(Pa-) =242 T30 =20+ D) =2(7) =2 751 =ypee(B).  Otherwise,
the path is divided into two paths with t and n —t nodes (2 <t < 6k —1). So, it has
Yecc(P) and ygcc(Pr—y) dominating nodes. Implies, ygcc(Pr) + Vece(Pr-t) = 2 r£—| +

2 FnT_tW . For the maximum value of ¢,

n—6k+1

n+5)
6

1= 2(k+1)=2<—

6k —1
Yecc(Py) + Vecc(Pn_t) = 2 [_T_] +27 !

=2(T27) = ¥acc(R-
Hence, E(P,) = Epcc
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Theorem 4.4: For the cycle graph n > 2, C,, = (v4,v,,...,V,) On n nodes, we have 1 <
Yece(Cp) =t if V = Vg
r<n, 1=<t<3, Yeee(Crn — ) = {Vecc(Cr) if V.="Vgec
Yecc(C) + 1 if V = Vi,
1. Ifniseven, V =Vg.,
2. Ifnis odd and
l. Ifn=-3,-1(mod 18), V =V
Il. Ifn=0(mod9),V = Vi,
. Ifn=3,57(mod18),V =Vg,andt =1
IV. Ifn=-7,-5(mod 18),V =Vgand t = 2
V. fn=1(mod 18),V =Vgandt =3
Proof: let C,, be the cycle graph, V(G) ={v, : 1 <r <n}and E(G) = {v,v,41,Vpv; : 1 <
2 I_%—I if nis even
3M5 71 if nisodd
the vertex V(C,) the cycle is changed to a path with n — 1 nodes.

2if niseven

r<n-—1} xz(C,) = {3 if nis odd and ygcc(Cp) = . Now removal of

Case 1: nis even

When n is even ygcc(Cr) = Vece(B) and veee(P) = Vece (Pr-1) Which implies ygec(Cy) =
Yecc(Pn-1). Therefore, ygcc(C, — v,) remains unaltered. Hence, V(C,,) = V..

Case 2: nis odd
When n is odd, after the removal of one node in an odd cycle it becomes an even path.
Sub Case 1: n = —3,—1 (mod 18)

Let n =18k —3and 18k — 1, k be a natural number. When n = —3,—1 (mod 18),

Yecc(Cr) = Yecc(Py) and ygcc(By) = Yecc(Pa—1) Which implies ygcc(Cn) = Vecc (Pr-1)-
Therefore, ypcc(C, — v,.) remains unaltered. Hence, V(C,) = V..

Sub Case 2: n = 0 (mod 9)

Let n = 9k, k be a natural number. When n = 0 (mod 9), ygcc(Cr) = ¥Ygcc(B) — 1 and

Yecc(Pn) = Yecc(Pn—1) Which implies ygcc(C,) = Ygcc(Pa—1) — 1. Therefore, ygcc (€, — v;)
is increased by 1. Hence, V(C,) = Vi...

Sub Case 3: n = 3,5,7 (mod 18)

Let n =18k + 3,18k + 5 and 18k + 7, k be a whole number. When n = 3,5 (mod 18),

Yecc(Cn) = Vecc(P) +1  and  ygec(Py) = Vecc(Pr—1)  Which  implies  ygcc(Cy) =
Yecc(Pn-1) +1. When n=7(mod18), Vgcc(Cyr) =Vecc(P)—1 and  ygec(Py) =
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Yecc(Pn—1) + 2 which implies ygcc(Cn) = Vecc(Pn—1) + 1. Therefore, ygcc(C,—v,) IS
decreased by 1. Hence, V(C,,) = Vgcc-

Sub Case 4: n = —7,—5 (mod 18)

Letn = 18k — 7 and 18k — 5, k be a natural number. When n = —7 (mod 18), ygcc(Cr) =
Yecc(P) + 2 and ygcc(Py) = Yece(Pr—1) Which implies ygcc(Cr) = Yecc(Pr-1) + 2. When
n = =5 (mod 18), ¥Ygcc(Cr) =Vecc(B) and ygec(Py) = Yecc(Pa-1) +2 which implies
Yecc(Cr) = Vecc(Pn—1) + 2. Therefore, ygcc(C, — v,) is decreased by 2. Hence, V(C,) =
VE_CC'

Sub Case 5: n = 1 (mod 18)

Let n = 18k + 1, k be a natural number. When n = 1 (mod 18), Ygcc(C) = Vgcc(B) + 1
and ygce(B) = Yecc(Pn—1) + 2 which implies ygcc(Cr) = ¥Yecc(Pn-1) + 3. Therefore,
Yece(Cn, — v,) is decreased by 3. Hence, V(C,) = Vi..

CONCLUSION

The study of the effect of the removal of a link in any graph theoretic parameter has
interesting applications in the context of the network. In this paper, a similar study has
been initiated concerning the Equitable Color Class Domination number for a graph G.
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