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Abstract  

The joint modelling of longitudinal and time-to-event data provides an effective framework for analysing the 
association between biomarker trajectories and survival outcomes. However, when multiple longitudinal 
processes are modelled simultaneously, the resulting high-dimensional random effects structure leads to 
substantial computational challenges due to complex likelihood integrals. This paper proposes an efficient 
estimation framework for multivariate joint models using Quasi Monte Carlo (QMC) integration within a 
Monte Carlo Expectation Maximization (MCEM) algorithm. The approach employs deterministic low-
discrepancy sequences, specifically Sobol and Halton sequences to approximate the intractable integrals 
in the E-step, thereby improving convergence speed and estimation accuracy compared to classical Monte 
Carlo (MC) methods. To enhance model flexibility and stability in the survival component, a ridge-penalized 
Cox regression is incorporated into the joint modelling framework. The penalty term regularizes the 
parameter estimates, mitigates overfitting, and improves generalization in the presence of correlated 
covariates or high-dimensional predictors. Extensive simulation studies demonstrate that QMC methods 
yield comparable or superior estimation accuracy relative to standard MC integration, with substantially 
reduced computation time. Among the QMC variants, the Halton sequence exhibits the most stable 
convergence and lowest estimation variance, particularly in small-sample and high-dimensional scenarios. 
The proposed approach is further illustrated using  PBC dataset, where the multivariate joint model 
simultaneously links two or three longitudinal biomarkers with survival outcomes. The empirical results 
confirm that QMC integration significantly accelerates computation while maintaining robust and precise 
parameter estimates. This study highlights the potential of QMC-based numerical integration as a practical 
and efficient alternative for fitting high-dimensional joint models in biomedical applications.. 

Keywords: Joint modelling; Multivariate longitudinal data; Penalized Cox regression; Ridge penalty; Monte 
Carlo EM; Quasi–Monte Carlo integration. 

 
1. INTRODUCTION 

The joint modelling of longitudinal measurements and time-to-event outcomes has 
become a central topic in modern biostatistics and applied statistical methodology. Over 
the past two decades, substantial progress has been made in developing joint models 
that capture the association between repeated biomarker trajectories and survival 
processes [1–5]. Early work primarily focused on univariate joint models that link a single 
longitudinal covariate to a time-to-event outcome [4]. However, in many clinical studies, 
multiple biomarkers are repeatedly recorded, reflecting different aspects of disease 
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progression. This motivates the development of multivariate joint models, which 
simultaneously account for multiple correlated longitudinal outcomes and survival events 
[6–9]. Modelling longitudinal and survival outcomes separately can be inefficient and may 
produce biased parameter estimates when the processes are correlated [3]. Joint models 
overcome this issue by incorporating shared random effects that link the longitudinal and 
survival submodels. Nonetheless, when several biomarkers are analysed jointly, the 
computational burden increases considerably due to the higher-dimensional random-
effects structure. Each additional longitudinal outcome adds new random effects, 
complicating the integration over the random-effects distribution required to evaluate the 
joint likelihood [10–12]. Consequently, efficient numerical integration strategies are 
essential for the practical implementation of multivariate joint models. 

A major challenge in this context lies in the evaluation of high-dimensional integrals. 
Several approaches have been proposed to approximate these integrals, including 
Bayesian smoothing spline methods [13]. Gaussian quadrature (GQ) and its adaptive [5] 
and pseudo-adaptive [14] variants; Laplace approximations [15], and Quasi-Monte Carlo 
(QMC) methods using quasi-random sequences [16]. Each of these approaches has 
distinct advantages and limitations. Smoothing spline and Bayesian approaches offer 
flexibility but can be computationally intensive and sensitive to model assumptions. 
Gaussian quadrature achieves high accuracy in low dimensions, but its performance 
deteriorates exponentially as dimensionality increases. Laplace approximations are 
efficient for high-dimensional data but can be inaccurate when subjects contribute few 
longitudinal measurements. Monte Carlo methods maintain a convergence rate 
independent of dimensionality, though convergence can be slow due to random sampling 
variability [17]. In contrast, Quasi-Monte Carlo (QMC) integration offers a promising 
alternative by using deterministic, low-discrepancy sequences (e.g., Sobol and Halton 
sequences) instead of pseudo-random samples. QMC methods produce sample points 
that cover the integration domain more uniformly, thereby improving convergence rates 
and reducing variance compared to standard MC methods [16]. Theoretically, QMC 

achieves convergence rates approaching 𝑂(𝑁−1(log𝑁)𝑑), outperformed the 𝑂(𝑁−1/2) 
rate typical of Monte Carlo. These advantages are particularly relevant for joint models, 
where the dimensionality of the random-effects space can be large. However, QMC 
methods lack built-in error estimation via random sampling, which can limit their practical 
implementation in some settings [18–21]. 

In this paper, we propose an efficient estimation framework for multivariate joint models 
of longitudinal and survival data using Quasi-Monte Carlo integration combined with a 
penalized Cox regression survival submodel. Specifically, we introduce QMC methods 
(Sobol and Halton sequences) into the Monte Carlo Expectation-Maximization (MCEM) 
algorithm for multivariate joint models, incorporate a ridge penalty into the Cox model to 
regularize estimation, handle high-dimensional or correlated covariates, and improve 
numerical stability, and systematically evaluate the computational efficiency and 
estimation accuracy of QMC methods relative to conventional Monte Carlo integration. 
Our framework assumes a linear mixed-effects structure for the longitudinal submodels 
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and employs a penalized Cox regression for the event process, estimated via an iterative 
MCEM algorithm that alternates between expectation (E) and maximization (M) steps until 
convergence. To assess performance, we conduct extensive simulation studies in R, 
extended to accommodate the penalized Cox component and QMC integration. Finally, 
we demonstrate the applicability of the proposed methods through an analysis of the 
Mayo Clinic primary biliary cirrhosis (PBC) dataset. The remainder of this paper is 
organized as follows. Section 2 presents the methodological framework, including model 
formulation, penalized estimation, and QMC integration strategies, and the simulation 
design and performance evaluation. Section 4 applies the proposed model to the PBC 
dataset. Section 5 discusses the findings, limitations, and future research directions. 
 
2. METHODS 

2.1 Model Framework 

We consider a joint modelling framework for multivariate longitudinal data and time-to-
event outcomes, with a penalized Cox regression component to stabilize estimation and 
mitigate overfitting in the survival submodel. For subject 𝑖 = 1, . . , 𝑛, let  

𝑦𝑖 = (𝑦𝑖1
⊤ , … . , 𝑦𝑖𝐾

⊤ )⊤ 

represents a 𝐾-variate longitudinal outcome vector, where 

𝑦𝑖𝑘 = (𝑦𝑖1𝑘, … , 𝑦𝑖𝑛𝑖𝑘𝑘)
⊤
 

represents  the repeated measurements for the 𝑘th outcome observed at times 𝑡𝑖𝑗𝑘 , 𝑗 =

1, . . , 𝑛𝑖𝑘. Each subject also has a true event time 𝑇𝑖
∗ and a censoring time 𝐶𝑖. The observed 

event time is 𝑇𝑖 = min(𝑇𝑖
∗, 𝐶𝑖), with the event indicator 𝛿𝑖 = 𝐼(𝑇𝑖

∗ ≤ 𝐶𝑖). We assume 

noninformative and independent censoring.  

This formulation extends standard joint models by Henderson et al. (2000) and Hickey et 
al. (2018) to the multivariate longitudinal setting, and introduces a regularization 
framework for the survival submodel. Although Philipson et al. (2020) introduced Quasi-
Monte Carlo (QMC) integration within joint models, their work focused on univariate 
longitudinal outcomes and unpenalized Cox submodels. Our work generalizes this to 
multivariate longitudinal data and systematically evaluates the computational and 
inferential effects of QMC methods under penalized estimation.  

2.2 Longitudinal Submodel 

For each outcome 𝑘 = 1, . . , 𝐾, the longitudinal measurements are modelled as 

𝑦𝑖𝑘(𝑡) = 𝜇𝑖𝑘(𝑡) + 𝜂𝑖𝑘(𝑡) + 𝜀𝑖𝑘(𝑡) 

where, 𝜇𝑖𝑘(𝑡) = 𝒙𝑖𝑘
⊤ (𝑡)β

𝑘
 represents the fixed-effects component, 

𝜂𝑖𝑘(𝑡) = 𝒛𝑖𝑘
⊤ (𝑡)b𝑖𝑘 
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is the subject-specific random-effects process, and 𝜀𝑖𝑘(𝑡)~𝒩(0, 𝜎𝑘
2) are independent 

errors. To capture correlations among multiple outcomes within the same subject, we 
define 

𝑏𝑖 = (b𝑖1
⊤ , … b𝑖𝐾

⊤ )
⊤

~𝒩(0, D) 

where the covariance matrix D includes both within- and between-outcome covariances, 
that is, Cov(b𝑖𝑘, b𝑖ℎ) = D𝑘ℎ. This specification allows outcome specific latent processes 
to be correlated, accommodating shared unobserved influences across longitudinal 
trajectories. 

2.3 Survival Submodel 

The time-to-event process is modelled using a proportional hazards model of the form 

ℎ𝑖(𝑡) = ℎ0(𝑡)exp{w𝑖
⊤𝛾𝜛 + 𝜂2𝑖(𝑡)}, 

where ℎ0(𝑡) is an unspecified baseline hazard, w𝑖 is a vector of baseline covariates,  and 

𝛾𝜛 are the corresponding regression coefficients.  

The term 𝜂2𝑖(𝑡) captures the dynamic association between the longitudinal and survival 
processes, defined as 

𝜂2𝑖(𝑡) = ∑ 𝛾𝑦𝑘𝜂𝑖𝑘(𝑡)

𝐾

𝑘=1

, 

with 𝛾𝑦 = (𝛾𝑦1, … , 𝛾𝑦𝐾)
⊤
 quantifying the contribution of each longitudinal outcome to the 

hazard. This flexible structure allows the event process to be influenced by multiple time-
varying trajectories simultaneously. 

2.4 Penalization of the Survival Submodel 

To improve numerical stability and address possible multicollinearity or 
overparameterization in the survival model, we introduce an 𝐿2 (ridge) penalty on the 
baseline covariate effects 𝛾𝜛. The penalized log-likelihood for the survival component is 

ℓsurv
pen

= ∑ [𝛿𝑖logℎ𝑖(𝑇𝑖) − ∫ ℎ𝑖(𝜇)𝑑𝜇
𝑇𝑖

0

]

𝑛

𝑖=1

− 𝜃‖𝛾𝜛‖2,
2  

where 𝜃 > 0 controls the amount of shrinkage. Ridge regularization stabilizes estimation 
in high-dimensional or correlated settings and ensures smoother convergence in the EM 
algorithm.  

Unlike Philipson et al. (2020), who used unpenalized estimation, our framework explicitly 
integrates penalization into the joint likelihood to evaluate its impact on bias and coverage 
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2.5 Joint Likelihood and Estimation 

Let X𝑖 and Z𝑖 denote block-diagonal matrices of covariates for subject 𝑖, corresponding to 
the longitudinal design matrices. The conditional densities are given by 

𝑓(y𝑖
|b𝑖; 𝜽) = ∏ 𝒩(y𝑖𝑘; X𝑖𝑘β𝑘 + Z𝑖𝑘b𝑖𝑘, 𝜎𝑘

2𝐼)

𝐾

𝑘=1

, 

and 

𝑓(𝑇𝑖, 𝛿𝑖|b𝑖; 𝜽) = [ℎ𝑖(𝑇𝑖)]𝛿𝑖exp (− ∫ ℎ𝑖(𝜇)𝑑𝜇
𝑇𝑖

0

). 

The marginal likelihood for all subjects is then 

ℒ(𝜃) = ∏ ∫ 𝑓(y𝑖
|b𝑖; 𝜽)

𝑛

𝑖=1

𝑓(𝑇𝑖 , 𝛿𝑖|b𝑖; 𝜽)𝑓(b𝑖; 𝜽)𝑑b𝑖 

where 𝜽 = (𝛽,vech(D), 𝛾𝜛 , 𝛾𝑦, 𝜎1
2, … , 𝜎𝑘

2, ℎ0(𝑡)) denotes all model parameters. 

2.6 Expectation–Maximization (EM) Estimation 

Estimation proceeds via a penalized EM algorithm, iteratively maximizing the expected 
complete-data log-likelihood: 

𝑄(𝜽|𝜽(𝒎)) = 𝔼b𝑖|y𝑖,𝑇𝑖,𝛿𝑖;𝜽(𝒎)[log𝑓(y𝑖 , 𝑇𝑖, 𝛿𝑖 , b𝑖; 𝜽)]. 

In the E-step, expectations with respect to the posterior distribution 𝑓(b𝑖|y𝑖
, 𝑇𝑖, 𝛿𝑖, ; 𝜽(𝒎)) 

are computed, while in the M-step, parameter updates are obtained by maximizing 

𝑄(𝜽|𝜽(𝒎)) penalized by 𝜃‖𝛾𝜛‖2
2. To improve numerical integration over the random 

effects, the intractable integrals in the E-step are approximated using Monte Carlo and 
Quasi-Monte Carlo (QMC) methods. 

2.7 Monte Carlo and Quasi-Monte Carlo Integration 

Let 

𝐼[𝑓] = ∫ 𝑓(𝜒)𝑑𝑥

 

[0,1]𝑑

 

denote an expectation over a d-dimensional unit cube, where 𝑓 is a Lebesgue-integrable 

function. In the joint likelihood context, 𝑓(𝜒) corresponds to integrands involving random 
effects distributions. 

(a) Vanilla Monte Carlo (MC): 

A standard MC estimate draws {𝝌𝑛}𝑛=1
𝑁 ~𝑈(0,1)𝑑 and computes 
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𝐼𝑁
MC[𝑓] =

1

𝑁
∑ 𝑓(𝜒𝑛)

𝑁

𝑛=1

, 

with error 𝑂(𝑁−1 2⁄ ). However, convergence may be slow for high-dimensional or complex 

integrands. 

(b) Quasi-Monte Carlo (QMC): 

To improve efficiency, we replace random sampling by deterministic low-discrepancy 
sequences that cover the integration domain more uniformly: 

 Sobol Sequence: A base-2 digital sequence ensuring uniform coverage of [0,1]𝑑. A 
scrambled variant [22] further reduces bias and improves convergence: 

𝐼𝑁
Sobol[𝑓] =

1

𝑁
∑ 𝑓(𝑆(𝜒𝑛))

𝑁

𝑛=1

, 

where 𝑆(. ) denotes the scrambling transformation. 

 Halton Sequence: A generalization of the van der Corput sequence using coprime 
bases for each dimension: 

𝐼𝑁
Halton[𝑓] =

1

𝑁
∑ 𝑓(𝜒𝑛)

𝑁

𝑛=1

 

which achieves faster convergence (𝑂(𝑁−1(log𝑁)𝑑)) under smoothness conditions. 

By embedding QMC integration within the EM algorithm, we improve numerical stability 
and reduce variance in likelihood approximation, particularly as the dimension of random 
effects increases. This contrasts with previous joint model implementations, which 
primarily relied on Gaussian quadrature or unsystematic MC integration. 

2.8 Simulation Design 

To evaluate the performance of the proposed penalized joint model under different 
integration schemes, we conducted simulation studies with 𝐾 = 2 (bivariate) and 𝐾 = 3 
(trivariate) longitudinal outcomes and sample sizes 𝑛 ∈ {250, 500, 800, 1000}. 

Longitudinal outcomes were generated according to 

𝑦𝑖𝑗𝑘 = (𝛽0,𝑘 + 𝑏𝑖0𝑘) + (𝛽1,𝑘 + 𝑏𝑖1𝑘)𝑡𝑗 + 𝛽2,𝑘𝑥𝑖1 + 𝛽3,𝑘𝑥𝑖2 + 𝜀𝑖𝑗𝑘 

where 𝑥𝑖1~𝒩(0,1), 𝑥𝑖2~Bernoulli(0.5), and 𝜀𝑖𝑗𝑘~𝒩(0, 𝜎𝑘
2). 

The event times followed 

ℎ𝑖(𝑡) = ℎ0(𝑡)exp (𝛾𝜐
⊤𝒙𝑖 + ∑ 𝛾𝑦𝑘

𝐾

𝑘=1

(𝑏𝑖0𝑘 + 𝑏𝑖1𝑘𝑡)), 
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approximately 40% observed events. The ridge penalty parameter 𝜃 was selected 
adaptively based on model dimension (df = 𝑝/2). Models were fitted using the joineRML 
R package [9], employing MC, Sobol QMC, and Halton QMC integration schemes. 
Performance was assessed in terms of bias, coverage, and computational efficiency. 
However, this methodological framework extends the current literature in several ways: 
extend the generalization of QMC-based joint models to multivariate longitudinal 
processes; integrate ridge penalization directly into the joint likelihood, allowing 
systematic control of overfitting in the survival submodel and regularised estimation; 
empirical and theoretical comparison of multiple QMC sequences (Sobol, Halton) against 
standard MC within the same estimation algorithm; and demonstration that QMC 
integration reduces variability in likelihood estimation and improves convergence 
behaviour in high-dimensional settings. 
 
3. RESULTS  

3.1 Simulation results  

The simulation results for the convergence times and Interquartile range (IQR) both 
scenarios and across all three QMC approaches are given in Table 1. The results indicate 
that the time for the joint model to fit was much efficient and stable for the QMC Halton 
approach, followed by QMC Sobol, while the Vanilla MC method is the slowest and most 
viable as the sample size increases. As the sample size increases, all methods 
experience an increase in computation time, but their performance varies. This indicates 
that the Vanilla MC method becomes much slower as the sample size grows, with 
considerable variability in the computation times. Although Sobol starts off faster than 
Vanilla MC, it still experiences a substantial increase in computation time as the sample 
size increases, with increasing variability as well. The QMC Halton method is the fastest 
across all sample sizes and has the least variability in computation time.  

Table 1: Convergence times with IQR (seconds) under Vanilla MC, QMC Sobol, 
and QMC Halton methods for both simulation studies and all sample sizes 

Scenario n Vanilla MC QMC Sobol QMC Halton 

1 

250 
500 
800 
1000 

96.80 (49.21-293.39) 
97.21 (19.61-295.01) 

142.12 (98.45-294.22) 
280.01 (128.66-1088.29) 

9.36 (4.59-19.46) 
46.31 (9.06-118.34) 

99.51 (68.45-198.36) 
240.02 (121.47-978.79) 

9.21 (4.44-19.48) 
28.42 (8.23-98.56) 

84.62 (67.89-118.27) 
185 (87.34-282.16) 

2 

250 
500 
800 
1000 

95.99 (47.61-295.44) 
290.21 (48.79-1008.22) 
292.12 (148.47-988.29) 
295.01 (147.33-992.66) 

9.77 (4.11-28.99) 
96.31 (28.95-498.22) 
99.51 (48.79-289.48) 

196.02 (97.66-294.28) 

9.85 (4.32-29.21) 
88.42 (28.01-487.98) 
174.62 (89.59-292.11) 
89.86 (59.67-117.88) 

Figure 1 showed boxplots comparing convergence times (in seconds) for the QMC 
methods across two scenarios. When 𝑛 = 250, Sobol was slightly better compared to 
Halton in terms of  lower median time and lower variability, making it the most efficient 
method, while Vanilla method is the worst choice, as it takes significantly longer and 
exhibits much greater variability. However, as the sample size increases, Halton was the 
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overall best method for the lowest convergence times and Sobol significantly better than 
Vanilla MC method. 

 

Figure 1: Comparison of the convergence times (seconds) over four different 
sample sizes (n=250, 500, 800, and 1000) simulated datasets using each MC 

method for scenario 1 (upper) and scenario 2 (lower) in the joint model 

Moreover, we generated bias plots in Figure 2 to illustrate the bias in the estimates of 
model parameters for the three estimation methods. Typically, a bias plot shows the 
difference between the estimated values from each method and the true values.  

In scenario 1, QMC Halton method performs best from all the sample sizes in the 
simulation with the median bias close to zero and the interquartile range smaller, 
indicating that the estimates are consistent.  

Similarly, in scenario 2, QMC Halton method has the smallest bias and minimal variability 
and consider as the best performing method for estimating parameters in the joint model 
of multivariate longitudinal data and penalized Cox regression (Figure 2A). 
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Figure 2: Comparison of the bias estimates of four different sample sizes (n=250, 
500, 800, and 1000) simulated datasets using each MC method for scenario 1 in 

the joint model 

The Table 2 and 3 present the coverage rates for both model and variance parameters of 
a joint model for longitudinal and survival data with ridge penalty using Vanilla MC, QMC 
Sobol, and QMC Halton methods across two simulation scenarios when n = 250, with 
equivalent results for 𝑛 =  500, 𝑛 =  800, and 𝑛 =  1000  given in Table 1A to Table 3B. The 
coverage rates are generally high for most parameters, with values typically exceeding 
0.95 for the three MC methods in scenario 1.  

In contrast, Scenario 2 shows more variability in the coverage rates. While Sobol and 
Halton still perform relatively well, with coverage rates around 0.95 for most parameters, 
Vanilla MC yields significantly lower coverage for some parameters.  

Across both scenarios, Halton and Sobol methods consistently provide reliable coverage, 
outperform the Vanilla method. However, Halton method frequently yields the highest 
coverage rates for parameters. 
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Table 2: coverage rates of model parameters for longitudinal and survival data 
across different simulation scenarios and methods (Vanilla, Sobol, and Halton): 

n=250 simulations 

parameters 
scenario 1 scenario 2 

Vanilla Sobol Halton Vanilla Sobol Halton 

𝛽0,1 0.9869 0.9912 0.9974 0.9529 0.0471 0.9529 

𝛽1,1 0.9942 0.9899 0.9842 0.9391 0.0609 0.9391 

𝛽2,1 0.9953 0.9950 0.9953 0.9851 0.0149 0.9851 

𝛽3,1 0.9883 0.9893 0.9912 0.9594 0.0406 0.9594 

𝛽0,2 0.9615 0.9672 0.9550 0.9298 0.0702 0.9298 

𝛽1,2 0.9958 0.9945 0.9953 0.9782 0.0218 0.9782 

𝛽2,2 0.9527 0.9526 0.9525 0.9769 0.0231 0.9769 

𝛽3,2 0.9031 0.9052 0.9023 0.9232 0.0768 0.9232 

𝛽0,3 - - - 0.9362 0.0638 0.9362 

𝛽1,3 - - - 0.9926 0.0074 0.9926 

𝛽2,3 - - - 0.9575 0.0425 0.9575 

𝛽3,3 - - - 0.8340 0.1660 0.8340 

𝛾𝜐,1 0.9793 0.9799 0.9811 0.8846 0.1154 0.8846 

𝛾𝜐,2 0.8849 0.8851 0.8856 0.7363 0.2637 0.7363 

𝛾𝑦,1 0.9831 0.9764 0.9668 0.5305 0.4695 0.5305 

𝛾𝑦,2 0.5551 0.5509 0.5684 0.7716 0.2284 0.7716 

𝛾𝑦,3 - - - 0.9384 0.0616 0.9384 

Scenario 1 (Table 3) indicate high and consistent coverage for all methods, with Halton 
performing slightly better. In Scenario 2, coverage rates for Vanilla drop for some 
parameters, suggesting that it may be more sensitive to changes in the model. Overall, 
Sobol and Halton methods provide more stable and reliable coverage across both 
scenarios, while Vanilla shows more variability. 

Table 3: coverage rates of model variance parameters for longitudinal and 
survival data across different simulation scenarios and methods (Vanilla, Sobol, 

and Halton) when n=250 simulations 

parameters 
scenario 1 scenario 2 

Vanilla Sobol Halton Vanilla Sobol Halton 

𝐷1,1 0.986 0.988 0.991 0.945 0.055 0.945 

𝐷2,2 0.991 0.991 0.992 0.995 0.005 0.995 

𝐷3,3 0.950 0.954 0.952 0.936 0.064 0.936 

𝐷4,4 0.989 0.988 0.988 0.997 0.003 0.997 

𝐷5,5 - - - 0.971 0.029 0.971 

𝐷6,6 - - - 0.996 0.004 0.996 

𝜎1
2 0.999 0.999 0.999 0.976 0.024 0.976 

𝜎2
2 0.995 0.995 0.995 0.991 0.009 0.991 

𝜎3
2 - - - 0.992 0.008 0.992 
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3.2 Real Data Application 

To illustrate the practical performance of the proposed penalized multivariate joint model 
and the comparative behaviour of the three Monte Carlo integration methods, we 
analysed data from the Mayo Clinic trial in primary biliary cirrhosis (PBC) of the liver 
(conducted between 1974-1984).  

The analysis was conducted for bivariate and trivariate joint models using the mjoint() 
function in joineRML. The bivariate model jointly analysed bilirubin and albumin 
trajectories with a time-to-event outcome (time to death or censoring), while the trivariate 
extension included an additional longitudinal biomarker (prothrombin time). Each model 
incorporated fixed effects for year of observation, age, and treatment (drug), along with 
subject-specific random intercepts and slopes to account for within-subject heterogeneity 
over time. The survival submodel was specified as a penalized Cox regression, 
incorporating a ridge penalty on baseline covariates to regularize the estimation and 
prevent overfitting. Penalization modifies the partial likelihood by introducing a penalty 

term 𝜆𝜏‖𝛾𝜛‖2
2, where 𝜆𝜏 controls the degree of shrinkage. In this application, 𝜆𝜏 = 0.1 was 

selected based on cross-validation to balance bias and variance. 

Model estimation was performed using the Vanilla Monte Carlo (MC), Sobol Quasi-Monte 
Carlo (QMC), and Halton QMC integration methods, each with 12,000 iterations. 
Convergence and burn-in parameters were tuned according to the control settings 
described in Section 2. The QMC methods, especially Halton sequences, demonstrated 
substantial computational advantages while maintaining stable estimation accuracy. For 
the bivariate model (K=2), computation times were 132.1s (MC), 52.9s (Sobol QMC), and 
16.2s (Halton QMC). For the trivariate model (K = 3), fitting times increased to 390.7s, 
78.4s, and 25.2s, respectively. These results align with the simulation findings, where 
Halton-based QMC achieved the most efficient convergence. Parameter estimates and 
standard errors for the bivariate model are presented in Table 4. Across all methods, 
coefficient estimates were highly consistent, though QMC methods, particularly Halton 
yielded smaller standard errors and more stable estimates.  

Table 4: Coverage rates of model parameters (Estimate  SE) using Vanilla MC, 
QMC Sobol, and QMC Halton methods for joint model with penalized Cox 

regression model application to PBC data 

Variable 
Bivariate Trivariate 

Vanilla Sobol Halton Vanilla Sobol Halton 

𝛽0,1 0.5085  0.295 0.488 0.299 0.507 0.304 
0.5308 

0.304 

0.4966 

0.311 

0.516 

0.307 

𝛽1,1 0.1883 0.01 0.1859 0.010 0.186 0.01 
0.1945 

0.012 

0.1912 

0.012 

0.192 

0.011 

𝛽2,1 0.0004 0.006 0.001 0.006 0.0011 0.006 
-0.0002 

0.006 

0.0005 

0.006 

0.0005 

0.006 

𝛽3,1 -0.1055 0.118 -0.1054 0.118 -0.1073 0.1203 
-0.0898 

0.119 

-0.0932 

0.122 

-0.0944 

0.121 
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𝛽0,2 3.9461 0.121 3.9431 0.120 3.9592 0.1208 
3.9143 

0.125 

3.9161 

0.126 

3.9337 

0.123 

𝛽1,2 -0.1096 0.005 -0.1069 0.005 -0.1065 0.0052 
-0.1114 

0.006 

-0.1091 

0.006 

-0.1088 

0.006 

𝛽2,2 -0.0082 0.002 -0.0083 0.002 -0.0083 0.002 
-0.0076 

0.002 

-0.0077 

0.002 

-0.0077 

0.002 

𝛽3,2 0.0372 0.044 0.0369 0.043 0.0376 0.044 
0.0355 

0.044 

0.0365 

0.044 

0.0364 

0.043 

𝛽0,3    
1.0017 

0.059 

1.0058 

0.059 

1.0161 

0.059 

𝛽1,3    
-0.0532 

0.004 

-0.0528 

0.003 

-0.0523 

0.003 

𝛽2,3    
-0.0034 

0.001 

-0.0035 

0.001 

-0.0035 

0.001 

𝛽3,3    
0.0249 

0.024 

0.0249 

0.024 

0.0254 

0.024 

𝛾𝜐,1 0.0651 0.0144 0.0657 0.0142 0.0659 0.0145 
0.0641 

0.015 

0.0649 

0.015 

0.0652 

0.015 

𝛾𝜐,2 -0.2448 0.2908 -0.2451 0.2873 -0.2485 0.2912 
-0.2138 

0.298 

-0.2193 

0.296 

-0.2217 

0.297 

𝛾𝑦,1 1.0187 0.1229 1.0174 0.1229 1.0239 0.1232 
0.9284 

0.145 

0.9246 

0.145 

0.9322 

0.146 

𝛾𝑦,2 -2.4167 0.3306 -2.4149 0.3335 -2.3884 0.3311 
-1.9907 

0.452 

-1.9648 

0.456 

-1.9817 

0.452 

𝛾𝑦,3    
-1.7088 

1.076 

-1.7765 

1.088 

-1.7002 

1.073 

Table 5 summarizes the coverage rates for variance components. Again, both Sobol and 
Halton QMC methods provided similar or improved coverage relative to Vanilla MC, 
indicating higher numerical stability and reduced Monte Carlo variability. However, QMC 
Halton achieved the best balance between precision and computational efficiency, 
confirming its practical advantage in multivariate joint modelling contexts. 

Table 5: Coverage rates of variance parameters using Vanilla MC, QMC Sobol, and 
QMC Halton methods for joint model with penalised Cox regression model 

application to PBC data 

 Bivariate Trivariate 

Variable Vanilla Sobol Halton Vanilla Sobol Halton 

D_1,1 0.008 0.007 0.006 0.007 0.008 0.006 

D_2,2 0.968 0.966 0.967 0.964 0.964 0.964 

D_3,3 0.883 0.883 0.883 0.884 0.884 0.884 

D_4,4 0.995 0.995 0.995 0.995 0.995 0.995 

D_5,5 - - - 0.958 0.958 0.958 

D_6,6 - - - 0.999 0.999 0.999 

𝜎1
2 0.881 0.880 0.880 0.881 0.881 0.881 

𝜎2
2 0.899 0.898 0.899 0.899 0.899 0.899 

𝜎3
2 - - - 0.975 0.975 0.975 
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4. DISCUSSION  

This study presented an extended joint modelling framework that integrates ridge-
penalized Cox regression with Monte Carlo (MC) and Quasi-Monte Carlo (QMC) 
integration for multivariate longitudinal and survival data. The proposed approach 
addresses key computational and inferential challenges in high-dimensional joint models 
by leveraging low-discrepancy sequences to improve numerical integration over random 
effects [23]. The findings showed that QMC integration significantly reduces 
computational time while maintaining or improving estimation accuracy compared to 
conventional MC. The deterministic nature of QMC nodes (Sobol and Halton sequences) 
ensures uniform coverage of the integration domain, leading to faster convergence, 
especially in higher-dimensional random-effects structures. The inclusion of a ridge 
penalty in the survival submodel enhances numerical stability and prevents overfitting, 
particularly in small samples or when baseline covariates are correlated. Penalization 
promotes smoother coefficient estimates and facilitates interpretation without inflating 
standard errors [24,25].  

Both simulation and real data analyses demonstrated that QMC Halton performs 
comparably or better than standard MC and Sobol QMC in terms of precision, stability, 
and computational speed. The advantage was most pronounced in models with multiple 
longitudinal outcomes, confirming the scalability of the QMC approach. Quasi-Monte 
Carlo integration employs deterministic, low-discrepancy sequences that achieve 

improved convergence rates approaching 𝑂(𝑁−1(log𝑁)𝑑) compared to the 𝑂(𝑁−1/2) rate 

of classical Monte Carlo [18,22,26–29]. The Koksma–Hlawka inequality provides the 
theoretical underpinning, linking integration error to the discrepancy of the sampling 
sequence [30]. Although widely applied in numerical analysis and finance, QMC methods 
remain underutilized in biostatistical models such as joint or frailty models, where they 
can substantially enhance EM algorithm performance. 

In this context, QMC offers a deterministic and reproducible alternative for evaluating 
expectations in the E-step, improving convergence stability relative to pseudo-random 
sampling [31]. Furthermore, scrambling methods provide a means to estimate integration 
error through repeated randomization, supporting approximate variance estimation when 
bootstrap-based error quantification is infeasible [10,32–35]. The choice of the 

regularization parameter 𝜆𝜏 remains crucial [36]. A large value can overshrink coefficients, 
while a small one risks overfitting. Cross-validation or information criteria (AIC/BIC) can 
guide selection, though at additional computational cost. In our analysis, manual tuning 
with cross-validation achieved satisfactory model performance. 

Although QMC markedly improved computational efficiency, its advantages depend on 
model complexity, dimensionality, and the smoothness of the integrand. In very high-
dimensional random-effects structures, the benefits may diminish due to increasing 
discrepancy in low-discrepancy sequences. Future work should explore adaptive QMC 
algorithms, scrambled sequence optimization, and Bayesian extensions where posterior 
distributions are approximated via QMC integration. In Bayesian joint models or nonlinear 
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mixed-effects frameworks, QMC could improve high-dimensional integration accuracy 
and reduce sampling variability in posterior estimates. Moreover, combining QMC with 
modern acceleration strategies like stochastic approximation EM or quasi-Newton 
updates could further enhance scalability for large biostatistical datasets. 

In conclusion, this work extends the existing joint modelling literature by introducing 
penalized survival components within a multivariate joint model, evaluating QMC 
integration methods within the estimation framework, and providing empirical evidence of 
their computational and inferential benefits. The findings suggest that QMC methods, 
particularly the Halton sequence, offer a reliable and efficient alternative to classical MC 
for high-dimensional joint models, supporting their broader adoption in complex 
biostatistical and clinical applications. 
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