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Abstract

In the literature, if (X,d) is an F-ts and Y c X, the induced F-topological Vicente A novel notion of F-
topological subspaces was presented in [Fuzzy Sets and Systems 58 (1993) 365], which aligns with the
standard definition when u = yy. Additionally, they presented the ideas of F,-continuity and F,-open sets.
In this study, we introduce weaker variants of F,-continuity using the previously mentioned ideas.
Rodabough established the concept of an F-retract [J. Math. Anal. Appl. 79 (1981) 273]. The lesser versions
of it are presented here. The concepts of F-irresolute mapping, F,-semi closure, and F,-semi-interior are
presented. Numerous outcomes are achieved.

2010 AMS Classification: 94D05, 62P10.
Keywords: FyPC, SI,,5C, and FyP-Retract.

INTRODUCTION

Macho Sadler and de Prada Vicente [12] cogitated the system of F-topological subspaces
and F,-continuity He proved many theorems F-topological subspaces. According to Rod
bough [J. Math. Anal. Appl. 79 (1981) 273], a retraction is the application of F,-continuity.
Mahmoud's theory of F-topological subspaces and retractions is the best suitable theory
for handling uncertainties [14]. Since then, the concept of retractions has been extensively
used to various topological structures. Many writers [1,4,5,22] have examined weaker
forms of F-continuity between fuzzy topological spaces utilizing the ideas of F-semi open
sets [1], F-preopen sets [20], F-strongly semi open sets [2], F-semi preopen sets [7], and
F-regular open sets [15]. In Section 1, we provide and examine two new F-topological
concepts: F,-perfectlycontinuous, F,-completelycontinuous, and F,-R-Continuous, F,-
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perfectlyretract, We define and examine F,-completelyretract, F,-R-retract, F,-

neighborhood perfectly retract, F_pu-neighborhood totally retract, and F_p-neighborhood
R-retract using these concepts in the same section. The concepts of F,-semi closure, F,-

semi interior, and F,-irresolute mapping are presented in Section 2. A few of these ideas'

basic characteristics are examined. For the sake of this work, let X be a nonempty set, |
= [0, 1], and for every x in X, a(x) = a for every a in |. We assume that the publications
[3,8,11,22,25] are well-known and refer to them for definitions and outcomes not included
in this paper. See [6,10,13,14,17-19] for additional reading. Let X be a set that is not
empty. A function with domain X and values in | is called a fuzzy set in X [24]. F-set and
F-ts will be the abbreviations for fuzzy set and fuzzy topological space, respectively [9].
Additionally, we shall indicate the interior, closure, and complement of the F-set v of F-
topological subspace by Int, (v), InCl, (v) and p- v, respectively.

The following definitions and findings are mentioned.
Let (X; 6) be anF-ts and pel*. We call A, = {ve [*:v<pu}
Definition [12]. The family 6, = {v Au: v € 8} is the F,-topology induced
Over pu by 6. The elements of §, are called F,-open sets
Proposition [12]. §, Verifying the following properties:

(i) if ved,,thene A;

(i) 0;u€s,

(i) if uq,up € 6, ,thenpu; A u, € 6, ;

(iv) if {vj:j e]} c 6, ,then Vjc;v; €6,
Definition [12]. v € A, is a F,-closed set if u —v € §, we note §,; the family
Of all F,-closed sets.
Lemma [1]. For mappings f;: X; = Y; and F-sets 4; of 4; (i = 1,2) , we have
(fL x6) T xA) ="\ x £ “(Ay) .

Lemma [1]. Letg: X —» X X Y be the graph of a mapping f: X - Y. Then if A is a F-set of
Xand pisaF-setof Y, theng™ (A xp) =AAf"(p)

1- F”- retracts

Definition 1.1 Let f: (X,6) — (Y,y) be a mapping from a F- ts (X,8) to another F-
ts(Y,y),u €1¥ . Then f is called:

(1) A F- perfectlycontinuous ( briefly, F,PC) mapping F, for each € y,) .

We have u A f~*(v) is both F,-open and F-closed set of X.
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(i) a F,- completelycontinuous (brieﬂy, FHCC) mapping F, for each v € yy(,, we
have u A f~1(v) is regularopen set of X.

(i) a F,-R-continuous ( briefly, F,RC) mapping F, for each F,-regular
open € sy, Wehave u Af~'(v) is F,- regular open of X.
Remark 1.1 The implications between these different concepts are given
By the following diagram:
F,PC = F,CC = F,RC

The converse of the above implication need not be true in general, as shown by the
following examples.

Example 1.1 Let X= {ab}, Y= {y}, 6 = {0,1,4;,4,,43}. and
V: {9,1,91,62,93}. 11,12,13 and/iE IX ,91,92,93 IY ,def'ned by

A1 = aps V  by3
A= apz Vb2
A3 = ag, V boa
U= Qe V. by

01 = Yoa

02 = Yos

03 = Yo

Then, the constant function fis F,- Rcontinuous, but not F,-C continuous.
Example 1.2 Let X = Y={a,b}, § ={0,1, 4,,4,}. and
y={0, 1, 6,,6,} .4y, A, andu € 1%, 65, 6, € IY , defined by

A = Qo4 V. by,
Ay = ag2 V. bo3
U= Qgs V. boq
01 = ap3 V. Qo
0, = ap1 V. aps

f(@) =b, f(b) =a. Then f is F,- Ccontinuous, but not F,-P continuous.
Definition 1.2 u € I*,A F-ts (X,8) is called a F,- extremally disconnected

space (abbreviated as F,ED-space), u-closure of every F-open set of X is F,-open
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Lemma 1.1 Let (X,8) be an F,ED- space, u € I*.Then, if 1 is F,-regular
open set of X, itis both F, —open and F, -closed
Theorem 1.1 Let (X,8) be an F,ED- space, u € I*, and f:(X,8) - (V,y)
be a mapping. Then the following are equivalent.

() fisE, -PC

(ii) fis F, -CC.
Proof It follows from lemma 1.1

Theorem 1.2 Let fi(X,6) — (Y,¥) be a mapping, € I* . Then, fisF,-perfectely
continuous (resp., F,- completely continuous) iff the inverse image of every F,-closed
setof Y is F,-open an F,-closed (resp., F,-regular open set of X)

Proof obvious.

Theorem 1.3. Let (X,6), (Y,y) be F-ts' s. and f: (X,6) — (Y,y) be a mapping. if the
graph g : ( X,86) —» (X xY,0) of fis F,-perfectelycontinuous (resp., F,- completely
continuous) so is f, where 8 is the F- product topology generated by § and y

Proof. Suppose the graph g: (X,6) — (X xY,0) is F,-perfectelycontinuous
Let v € yp ), i.6. ;v =f"(u) Anwheren €y, we want to show that
MAFT(fTWAn) €S, sincelxn e, g7 (u)A(L1Xn)€E b,

then uA g (g7 (uIA(1xn))=uA g (Axn)=uA@A f~()) =
N f~@)=un f~(f~@ An)isanF,-open and an F,-closed set of u
so f is F,-perfectecontinuous. The proof of F,-completely continuous by the

same fashion.

Definition 1.3 [14] Let (X, §) be a F-ts, and A c X, Then, the F- subspace ( 4, J,) is called
a Fy-retract of (X, 6) F, there exists a F,-continuous mapping 7 : (X,8) — (4,8,) such
thatr (a)= a foralla € A. Inthis case r is called a F,-retraction.

Definition 1.4 Let (X,5) be a F-ts, and A c X, Then, the F- subspace (4, §,) is called
a F,-perfectely retract ( F,-completely retract, F,-R-retract) of (X,6) F, there exists aF,
- F,-perfectly continuous ( F,- completely continuous, F,- R- continuous) mapping 7 :
(X,6) — (A4,8,) such that r (a )= a for all a€A . In this case r is called aF,-
perfectlyretraction ( F,-completelyretraction, F,-R-retractretraction)
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Remark 1.2 The implications between these different concepts are given
by the following diagram:

F#P retract = F#C retract = FMR- retract

The converse of the above implication need not be true in general, as shown
by the following examples.

Example 1.3. Let 4 and u be F-setson X ={a,b}, defined by
A= agz V bo3
U= aos V boy
5={0,1,1}, and A={a} cX. Then, (4,5,) isa F,-R-retract of
(X,6), butnota F,-C retract.
Example 1.4 Let 4,8 and u be F-setson X = {a,b}, defined by
A= agz V by,
B = aoa V boa
n= ap7; V boo

§ ={0,1,2,8}, and A={a} c X. Then, (4,8,) is a F,-C - retract of ( X,6), but not a
F,- P- retract.

Theorem 1.4 Let ( X,6)beaF-ts,AcXand r:(X,5) — (4,5,) be amapping such
that r(a) =a Va€eA. if the graph g : (X,5) = (X xA4,0 ) of ris F,-
perfectelycontinuous ( resp., F,-completelycontinuos) then f is a F,-retraction , where
0 is the product topology generated by § and §,

Proof. It follows directly from Theorem 1.3

Definition 1.5Let (X,5) be a F-ts. Then (4,6, ) is said to be a F,-neighbourhood
perfectlyretract ( F,- neighborhood completely retract, F,-neighborhood R-retract) ( F-
nbd P-retract, F,-nbd R-retract, F,-nbd C-retract) of (X,6) if (A4,8,) is a F,-
perfectlyretract (F,- completelyretract, F,- R-retract ) of ((Y,dy ), such that Ac Y c
X,1ly €8

Remark 1.3 Every F,-P-retract is a F,-nbd P-retract, but the converse is
not true.
Example 1.5 Let X={ a,b,c }, A={ a } c X, 1,4, and u be F-sets on
X, defined by
A= apz V by V  Coa
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U= ags V bos V Cos
Consider § ={0,1,4;,45,4 V 4,4, A1,}. Then (A4,8,) is a F,-nbd P-retract
of ( X,6), but nota F,-P-retract of (X,d).
Example 1.6 Let X=1{a,b,c}, A= {a}c X,1;, 1, and u be F- sets on
X, defined by

M= apz V by V Coq

A= a V b

U= agg V  bog V Cos
Consider 6 ={0,1,2;,2,, 4 VA, 4 A ;). Then (4,68,) is a F,-nbd C-retract
of (X,6), butnotaF,-C-retract of (X, ).

Example 1.7 in example 1.6 ( 4,64) is a F,-nbd R-retract of (X,4), butnota F,-R-
retract. of (X,8)

2- On F,-semi closure and F,-semi-interior and on F,-irresolute mapping
Definition 2.1 Let (X,6) bea F-ts, u,A€ A, .Thenvis called
(i) [14] aF,-semiopen (briefly, F,so) set if there exists
A€4, .suchthatv < A< Cl,(v) (or v < Cl, (Intu(v) )
(ii) [16] a F,-semiclosed (briefly, F,sc) set if there exists v € §, . such that
Int,(v) < A<v (or, A< Cl, (Intu(/l))
(iii) The F,-semi-interior of A, denoted by SI,(1) =v {v € §,:v < 4, vis F,so}.
(iv) The F,-semi -closure of 1, denoted by SC, (1) =A{v €8, : v = A,visF,sc}.
Theorem 2.1. Let(X,6) be aF-ts, y A€ A « - The following statements
are equivalent.
(i) 1 is Fyso
iy 2 < cl, (Int,(2)).
(iiy C1,(1) = cl, (Int,(2)).
(iv) u— A is Fysc
() Int, (Cly(p— 1)) u— 4
(i) t (Clu(u— 1)) = Int, (u— 1)
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Proof (i) = (ii) Let A be F,;so There exists v € §, suchthat v < 1 < Cl,(v)
by Theorem 1.3. Int,(v) = v since v < 4, we have Int,(v) =v < Int,(41) . It
implies Cl,(v) < Cl, (Int,(4).Since 1 < Cl,(v), we have 1 < Cl,(Int,(4).
(i) = (iii) By the definition of Cl, and (ii), Cl,(1) < Cl, (Int,(1). Since,
Int,(A) < 4, Cl,(Int, (A1) < Cl,(1). Thus, we have Cl,(4)= Cl, (Int, ().
(i) = (i) Put v = Int,(1). By the definition of ¢, , from Theorem 1.3,
we have v < A1 < Cl,(1)=Cl,(Int, (1) = Cl,(v). Hence, 1 is F,so.
(iv) = (i) It is easily proved from the following v < 1 < Cl,(v) & u—
Clw)spu—2A2sp—-veint,(u—v) <pu—A<u—v. (From Theorem 1.3)

(i) = (v) and (iii) = (vi) are easily proved from Theorem 1.3
Theorem 2.1.[14] Let (X,6 ) beaF-ts, up € A,

(i) Any union of F,so sets is F,so

(i) Any intersection of F,sc sets is F,sc
Theorem 2.2. Let (X,5) beaF-ts, y,B, A€ A ,. Then,

(i) Int, (1) is Fyso

(ii) Cl, (1) is Fysc

(iii) If A is Fyso and Int, (1) < B < Cl,(1), then B is Fso.

(iv) If AisFyscand Int, (1) < B < Cl,(1),then BisF,sc.
Proof we prove only (iii) and (iv).
(i) Since Ais F,so, then there exists v € §, such that, v< 1< Cl,(v) =
v=Int,(v) <Int,(1) and Cl, (1) <Cl,(v).Thus, v< g <Cl,(v). Hence, B isF,so.
(iv) Itis easily proved from (iii) and Theorem 2.1. And the following

Int,(MH) =< p=Cl(D) © u—Cl,AD<spu—p=su—Int,(A) o nt,(u—21) <p— p <
Cl,(u— 2) by Theorem 2.1

Theorem 2.3. Let(X,6) beaF-ts, u,v,1 € A, The following statements are valid:
(i) A is Fyso iff A=SI,(2).
(i) A is Fysc iff 1=SC,(A).
(ii)) SC,(0) =0
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(iv) Int,(A) < SI,(A) <A< SC,MA) < CLA.
(V) SC,(A) V SC,(v) =SC, (A V V).

(vi) SC, (SC,(D) = SC )
(vii) Cl,(SC, (1)) = SC,(Cl, (1) = CL, (1)
(viii) SI,(u — A1) = u— SC,(A).
Proof we prove only (vii) and (viii).
(vii) From (ii) and Theorem 2.2 SC,(Cl, (1)) = Cl, (1), we only show that
Cl,(SC, (1)) = CL,(A). Since 4 < SC, (1), CL,(SC, (1) = Cl,(4). Suppose that
Cl,(SC, (1)) £Cl,(4). By the definition of Cl,, there exists ¢ € §, with 1 < ¢
such that, C1,(SC, (1)) = ¢ = Cl,(4). On the other hand, since ¢ < C[,(£), 1 <
§ = SC, (A1) < SC, (&) =SC,(CL, (&) =Cl, (&) =&. Thus, CL,(SC, (1) <¢. It
is a contradiction. Hence Cl,(SC,(4)) < Cl,(1).

(i) vA €6, ~we have the following: u—SC,(D=pu—-A{v:v= A visF,sc}=v
{p—viu—-v<pu—-2, p—visF,so} =Sl (u— 2).
Definition 2.2 Let (X,6 ) and (Y,y) bea F-tss, u € A,
Let f:(X,6)— (Y,y) be amapping.
() [12] f is called F,-continuous mapping iff =~ (v) € §,, foreachv € y(,.

(ii) [14] fis called F,-semi continuous mapping iff f (v) is F,so € §,, foreachv €
Yrw.

(iii) f is called Fy-irresolute mapping iff = (v) is Fyso € §,, for each Fg(, so
VE Yr.

(iv) fis called F,-irresolute open mapping iff f(v) is F,so € yy(,. , for each

Fryso v € 6.
(v) fiscalled F,-irresolute closed mapping iff f (v)is F,sc € yf(,). , for each
Frysc vE 6.
Remark 2.1 Every F,-continuous mapping is F,-irresolute mapping, but
the converse is not true.
Example 2.1Let X={ab,c},Y={y} ,6 = {0,1,1}. and
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y={ 0,160} 2and peI* ,0 €1¥,defined by
A= ap; V boa
U= apz V boz co3
0= Yo
Then, the constant function f is F,-irresolute mapping, but not F,-continuous.

Proposition 2.1Let(X,6) and (Y,y)beaF-tss, u€ A, .Letf (X,6)—>(Y,y) bea
mapping. If f is F,-irresolute mapping, then for each F,sc A € ys,, f~(4) is F,sc
€ §,.

u

Proof Foreach F,scset A € ypy) = f(uw) — A4 is Fysoset€yry, f~(F(w)—A) Au
<(u-f")ApnisF,sosete §,. f~(D) Auis Fysc sete §,.

Proposition 2.2 Let (X,6) and (Y,y)beaF-tss, u€ A, .Let f (X,8) > (Y,y)
be a mapping. If for each F,sc A € yf(,), f (1) is Fysc € §, then,
£ (5€4(1) < SCry(f(D)), for each 1 € &,
Proof Suppose there exists 1 € &, such that, f (SCM(A)) % SCry(f (D)
Since, SCr,) (fV)) < v €YY, . Moreover, () v = A< (V) A p.
= (V) A pis Fysc € 8, Thus, SC, () < F(v) A o = SC,A) < (V) A
u = A, then f(SC,(A) ) < SCey (v A (1)) = SCeyy (f(A)). It is a contradiction

Proposition 2.3 Let (X,8 ) and (Y,y) be a F-ts's, pe A, . Letf (X,8) = (Y,y) be a
mapping. If f(Slgy()) Apn<SI,(f~A) A, foreach ris

F,S0 € v € Vi » then f is F-irresolute mapping.

Proof Let A is F,;s0 € yg,) Fromtheorem 2.3()). A = Slg,,)(A) . Since,
fFEM)) A w<SI(f"(A)) A w). On the other hand, by Theorem 2.3(iv),
fC) A p= SI(EA) A w). Thus, f~A)) A p=SI,(f"(A)) A w), that

is f"(M)) A pis Fyso € 6, = fis F-irresolute mapping.

Theorem 2.4 Let (X,6)and (Y,y)beaF-tss,u € A, .Letf: (X,6) —

(Y,y) be a mapping. The following statements are equivalent.

() Amap f is F, -irresolute open mapping
(i) £ (SI, ) A (W) < Slgy(F(A) Af(w)), foreach A is Fyso €6,
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(iiiy SI,(F") A pu < (f7 (Slgy@)) A p,foreach A € vy,
(iv) Foranyv €y, andany F sc A € §, suchthatf~(v) A p < A there
exists Fyscset p € yg,) withv < psuchthatf (p) A u< A
Proof (i) = (ii) For each A be F so set € 6, , since SI,,(A) < Afrom Theorem
2.3(iv). f(SI,) Af(w) < ) A () by (i) f (SI,(A)) Af(w)is Fyso sete s,
hence, f (SI,()) Af(w) < Slgy(FA) Af(W).
(ii) = (iii) for each A € yg(,) from (ii) f( SI,(f“(A))) A f(p) < Slgy FEQ)) A
(W) < Sl A F() = SLAETA)) A 1< £ (Slgy@)) A 1.
(iii) > (iv) Let Abe F, sc set €6’ and A € Vi such that f=(v) A us A
from Theorem 2.2 A =Int, (CI,((4)). Since p— A= f~ (u— v) A p, we have
SIy(un—A)=p—2A < Slu(f‘_(u— v)) A W, by (iii) p— A < SIu(f‘_(u— v)) A
W< f"(Slpy(R=—Vv)Apu=>A=zp— (f‘_(SIf(u)(u—v))/\u) = f‘_(u—
(Sleg (= v)) A ) = F=(SCrey(V)) A .
By Theorem 2.3 (viii), thus there exists F, sc set p=SCg¢)(v) € Ve with
v<p suchthat f~(p)Apu<a
(iv) = ()Let o be F,so set €6,, A = up— o is F,sc set €, put

v=f(u)—f(0) € ¥jy We obtain f~(v) Ap=f(f ()~ f(0)) < u—(0)) = A. by
(iv) there exists p € yz,) With v < p suchthat f"(p)A p<A=p—0 =0= p—

(fT@Ap)=f"@w=-p AL ThUSf(G)(/\{(u) SfUT@W=-p AW <sw@=—p)Af(W)
1

On the other hand, since v < p From (1)

fl@) Afiw=fW—-v=fw—-p . Hence, f(o) Af(w) = f(w)—p that is

f(o) is F,s0 € ygy) . Then f is F,-irresolute open mapping

Definition 2.3 Let (X, d)and (Y,y)beaF-tss, u € A, .Let f.(X,6) > (Y,y)bea
mapping, then f is called F,-almost open mapping iff foreach 1 €4,, with 1 =
Int,(CL,(D). f(D) € e

Theorem 2 .52 Let(X,d8)and (Y,y)beaF-tss,u €A, .Let f:(X,6) -

(Y,y) be amapping. The following statments are equivalent.

(i) Amap fis F,-almost open mapping
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(ii) f (Int, (1) < Intp(yy (F(D), for each AisF, sc € §,
(iii) For any v € yf(,y and any A = Cl,(Int, (1)) such that f~ (W) Ap <2
there exists p € yr) and v <p suchthat f~ (p)Ap<21
Proof (i) = (ii) Let A beF, sc € §, thatis Int,(Cl,(1)) < A. From
Theorem 2.2, we easily prove the following Int,(Cl,(1)) = Int,(CL,( CL,(2))).

Since f is F,-almost open mapping, Ints,(f (Int,(CL, (1)) = f( Int,(CL, (D) € V-
1)

On the other hand, Int, (Clu(/l)) < A = Int,(Int,(Cl,(1))) < Int, (1),
Thus, Int,(1) = Int,(CL(D) < 1.2 f (Int,(D) = FUnt, (CL,D)) =

Into (f (Int, (CL(A))) < Intyuy(f(A)) From (1)
(i) = D 2= Int, (Cl, (D)) € 6,. Since Int,(2) = A and Ais F, sc by (i),

f(1) = f (Int, () < Intpy(F(1)) From Theorem 2.2,

f) = Intyy (D) € ¥rw-
(i) = (i) let 2 = Cl,(Int,(2)) and v €y}, suchthat f—(v)Ap <2 But

p=fWw— f(u—2) since u—A1=Int, (Clﬂ(u - /1)) , by (1). Since f"(wW)Au <A1 Iff

v f(u)—f(u—2) then, v<p, also, f"(p)Ap=f"(FW—-fe-D)<p—-(p—
MN=1= f(PAus .

(i) = (i) let o be F, sc€ 6, suchthat o= Int,(Cl,(0))

put v=f(w - f(o) and 1 = pu—o with A =Cl,(Int,(1)), we obtain

feW) Au=f~(f(w) —f(0)) <u—(0))= 1 by (i) there exists  p € Yew
with v< psuchthat f“(p) Au=<iA=pu—-oc=2>0c=u—(("(p) A w =
fTw=p) Ap,Thus fOAfW) <fE"Ww=-—p)Ap)<@w—p)Afw) 1)

On the other hand, since v<p From (1)

f@OANfW=fW—-v=Wu-p)Afw) ()
Hence from (1)and (2) f(o)Af(w) =@ —p) Af(1W)

Theorem 2.6 Let(X,5)and (Y,y) be a F-tss, u € A, .Let f: (X,8) — (Y,y)
is F,- semi continuous and F,-almost open mapping, then f is F,-irresolute mapping
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Proof By Proposition 2.1, we will show that f (1) A uis F, sc set,

VF, —scsetA € yp,. Since Ais F ¢,) scset € yr(,),we have Ints,y (Cle,y (1) <

A.Since f is F, — semi Continuous mapping, f~ (f(u) — Cley(D)) A u =

mf— (C lf(u)()l)) A u isF, scset € §,,thatis f— (C lf(#)(A)) Ap isF,sc set€ §,
s0, Int, (CL(F~ (Clo@) A< £ (Clrgo@) A = Int, (€L (C ly@) A

< Int, (= (C L) Ap (1)

since f is F,-almost open mapping, and 4 is F, sc set yf(,). By propostion 2.2

FUntu((F (Clro@) Aw) < Inlpy( (P (C L)) A ) Inlpgy (Clyy() =

Inlyy D) < 2. = Int, (f (c lf(ﬂ)(/l)) A< FDAR(Q),

Thus, we have Int, (CL(f~ ) A 1) < Int, (CL(F~ (Clrgo@) A 1) <
Int, (f~ (Cly@) Ap) by(1) <f~ @A) Ap  by(2). Hence f~ (1) isF,sc.

CONCLUSION

The purpose of this paper is to define and introduced anther applications of fuzzy
continuity using the definition of Rod bough [J. Math. Anal. Appl. 79 (1981) 273].
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