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Abstract

This paper investigates coaxer ideals within 1-distributive lattices and introduces the concept of 1-coaxer
lattices. The study explores characterizations of coaxer ideals and establishes foundational properties
of 1-coaxer lattices. Through an analysis of pseudocomplemented 1-distributive lattices, it provides a
structured understanding of coaxer ideals, minimal and maximal ideals, and their interrelations.
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1. INTRODUCTION

The notion of coaxer ideals is introduced in [1] for distributive lattices. In this paper
we study coaxer ideals in 1-distributive lattices. Wealso refer the reader to [2, 4] for 1-
distributive lattices and O-distributive lattices.

A lattice L with 1 is called 1-distributive if for any a,b,c € L,avVb=1=aVc
implies a V (b A ¢) = 1. The pentagonal lattice P; (see the diagram in Figure 1) is 1-
distributive but not distributive. Thus, not every 1-distributive lattice is a distributive
lattice. The diamond lattice M, (see Figure 1) is not 1-distributive.
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Figure 1: The pentagonal lattice and the diamond lattice

An element a” € L is called the psedocomplement of a € L is the greatest element

disjoint from a such that = < a” if and only if zAa = 0.
A 1-distributive lattice L is called pseudocomplemented 1-distributive lattice if every
element in L has a pseudocomplement. F;is pseudocomplemented 1-distributive lattice

but Mj is not a pseudocomplemented 1-distributive lattice(see Figure 1).
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The following well known identities (see [5, 6, 7]) are used throughout this paper.

6) an (aAb) =anb
An element a € L is called dense if " = 0 and the set of all dense elements is denoted

by D(L) and is a filter of L. For every x € L,z V2" € D(L), since (z V") = 0.

The identity (6) is used rarely (see[6] for semilattices and see [4] for lattices). An
ideal I of a lattice L is called a proper ideal if [ # L.

An ideal M of L is called a maximal ideal of L if M is proper and if there is a proper
ideal I of L such that M C I then M = I. A minimal ideal I of L is a proper ideal
which is not belonging to any other proper ideal, that is, if there is a proper ideal J such
that J C I, then I = J. An ideal P of L is called a prime ideal if for any a,b € L such
that a Ab € P implies a € P or b € P. For the background of lattices, we refer the reader
to [9, 10, 11].

2. Coaxer ldeals

M. S. Rao [1] gives the definition of coaxer ideals in a pseudocomplemented distributive
lattice. In this section coaxer ideals is defined in a pseudocomplemented 1-distributive
lattice. Also we give the notion of 1-coaxer lattices. We discuss various properties of
coaxer ideals.

Let L be a pseudocomplemented 1-distributive lattice. A non-empty subset I of L is called
an ideal if

(i) a € L, b € I with a < b implies a € I,

(ii) a,b € I impliesa Vb € I.
Let L be a pseudocomplemented 1-distributive lattice, for any a € L the coaxer of a is
the set defined as

(a)={x€L|x*Va=1}.

Clearly (0)°= {0} and (1)° = L.
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Now we have an important result for this paper.
Theorem 2.1. Let L be a pseudocomplemented 1-distributive lattice. For any a € L,

(a)° is an ideal of L.

Proof.  Since 0" = 1, so obviously 0 € (a)°. Now let z,y € (a)°. This implies z" V
a =1and ¥y Va = 1. Since L is 1-distributive, aV (z"Ay") = aA(xVy) = 1. So
xVy € (a)°. Againlet z € (a)°and r € L with r < x. So 2" < r". This implies 1 = (z"V
a) < (r"Va). So(r"Va) =1 and hence r € (a)°. This completes the proof.

This ideal (a)° for any a € L is called coaxer ideal of L.
Rao [1] proved that (a)° C (a]. But in our case, if we consider the P; (see Figure 1),
we see that (a)° = (b] € (al.

Now we have some properties of coaxer ideals.

Theorem 2.2. Let L be a pseudocomplemented 1-distributive lattice. For any a,b € L,
we have

implies that (a)° C (b)°.
=1 implies a” € (b)°.
° g (a**].

)
a)’N (b)°= (aNb)°.
)= L if and only if a = 1.

< IA
S =

Proof. (i) Let a < band let x € (a)°. Soz"Va = 1. Thusl=2"Va<a V
b implies 2"V b = 1 and hence z € (b)°.

ii) Since a < @, we have aVb = 1 implies ¢~ Vb =1. Soa” € (b)°.
Let x € (a)°. So 2"V a=1. This implies that 2" Aa =0 andso ™" < a"". Thus =

i)
a”". Hence (a)° C (a™].
v)

I/\ /\A

(iv) Let x € (a)°N (b)°. Thus x € (a)° and = € (b)°. This impliesz” Va = 1 and z~
Vb= 1. As L is 1-distributive lattice, we havez” V (a Ab) = 1. So z € (a A b)°.

For the converse part we have, (a Ab) < a and (a A b) < b and so using property (i),
we found that (a A b)° < (a)° and (a A b)° < (a)°. So this completes the proof.

(v) If a = 1, then (a)° = (1)° = L. Conversely let (a)° = L, then1 € (a)°. So 1"V a =
1 and this implies @ = a V0 = a vV 1" = 1. This completes the proof.
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The following theorem is very important theorem which is proved for p-algebra where
underlying lattice is 0-distributive lattice (see [3]). Here we give the proof of this theorem
for 1-distributive lattice.

Lemma 2.3. Let L be a pseudocomplemented 1-distributive lattice andP be a prime ideal

of L. Then the following conditions are equivalent:
(i) P is minimal;

)
(ii) « € P implies §é P;
(iii) = € P impllies e P;
(iv) PN D(L) = ¢.

Proof. (i) == (ii). Let P be a minimal prime ideal and let 2" € Pfor some z € P.
Let D = (L\ P)V[z). Then D is a filter and if 0 € D, we get 0 = y A x for y ¢ P.
Thus we have y < x° € P, which is a contradiction. So 0 ¢ D and thus (0]N D = ¢.
Now since L is 1-distributive lattice and (0] D = ¢ by Theorem 2.3 (see [2]), there
exists a prime ideal @) such that @ N D = ¢. So we have Q C P and Q # P as x ¢ Q.
So this is contradiction to the fact that P is minimal.

(ii) = (iii). Let x € P and by (i), 2~ ¢ P. Since 2" A 2" = 0 and P is prime so 2~
e P.

(iii)) = (iv). Let + € PN D(L). Then 2" = 0 and 2”~ € P implies that 2™~ =1 € P
which is a contradiction that P is proper ideal.

(iv) = (i). Let P is not minimal and let ) C P, where @ is a prime ideal. Let x
€ P\Qand z A2 =0¢€Q, we have 2" € Q C P. As P is an ideal we have sV~ € P.
AszVa" € D(L) for every x € L, we have (z V") € PN D(L), which is a contradiction
of (iv). Hence P is minimal.

Now we have the following theorem.

Theorem 2.4. Every proper coazer ideal of a pseudocomplemented 1- distributive lattice

L s contained in a minimal prime ideal.

Proof. Let L be a pseudocomplemented 1-distributive lattice and let (a)° be a proper
coaxer ideal of L where a € L. Let (a)°ND(L) # ¢ and d € (a)°N D(L).If d € (a)°N D(L)
then we have d € (a)°and d € D(L). This impliesd'Va=1 a n d 0Va= 1. Hence
a=1and consequently(a)’=L

Which is a contradiction to the fact that (a)°is a proper coaxer ideal of L. So (a)°N D(L)
= ¢. Then by Theorem 2.3 (see [2]), there exists a prime ideal P such that (a)° C P
and PN D(L) = ¢. Let z € P.Then zVz € D(L) and x V2" ¢ P. Since P is a ideal
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and # € P, sox” ¢ P. Therefore P is minimal prime ideal (by Lemma 2.3) such that
(a)°C P.
Now let us discuss about a special type of ideal. If M is a maximal ideal of a
pseudocomplemented 1-distributive lattice L, define

r(M)={xeL|x"¢ M}.

Theorem 2.5. Let L be a pseudocomplemented 1-distributive lattice and let M be a
mazximal ideal of L. Then w(M) is an ideal of L such that w(M) C M.

Proof. Let M be a maximal ideal of a pseudocomplemented 1- distributive lattice
L. Then M is maximal (see [4]). Since 0"=1¢ Mso 0 € 7(M). So 7(M) is non-empty.
Let z,y € m(M). Thus 2" ¢ Mand y ¢ M. So

2" Ay ¢ M[since M is prime]

=(xVy) ¢M

= (xVy) en(M).
Again let * € ©(M) and y € L with y < x. Thus 2" ¢ M and consequently (z A
y) ¢ M, otherwise " € M. So x Ay =y € m(M). Hence (M) is an ideal of L.
Now let z € m(M). So 2" ¢ M and since M is a prime ideal zAz” = 0 € M implies that
x € M. Hence (M) C M.
Let L be a pseudocomplemented 1-distributive lattice and let M be a maximal ideal of

L. let us denote the set of all maximal ideals by p and let p, = {M € u|a € M}. Now
we have the theorem.

Theorem 2.6. Let L be a pseudocomplemented 1-distributive lattice and let M be a
maximal ideal of L and let a € L. Then (a)° = Nyeupm(M).

Proof. Let L be a pseudocomplemented 1-distributive lattice and let I, = Ny a
m(M). Let x € (a)° and let M € u,. Then 2"V a=1.Now a € M and if 2~ € M then
1 € M, which is a contradiction. So z° ¢ M. So x € w(M) and this is true for all
M € p,. Hencez € Ny um(M). So (a)° C 1.

Conversely, let x € I,. Thusz € n(M) forall M € p,. Let 2°Va # 1. Then there exists a
maximal ideal M, such that 2"V a € M,. Hence 2" € M, and a € M,. This implies = €
7(M,). Thus 2" ¢ M,, whichis a contradiction. Thus 2"V a =1 and x € (a)°. So I, C
(a)°. This completes the proof.

The following result is due to [4].
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Lemma 2.7. Let L be a lattice with 1, F be a filter of L. Then an ideal M of L disjoint
from F is a mazximal ideal disjoint to F if and only if for any element a ¢ M there exists
an element b € M withaVbe F .

Now we have the theorem.

Lemma 2.8. Let L be a pseudocomplemented 1-distributive lattice. Then M be a
mazximal ideal of L if and only if for any element a ¢ M there exists an element b € M
withaVb=1.

Proof. Let L be a pseudocomplemented 1-distributive lattice and M be a maximal
ideal of L. Let a ¢ M and b€ M. So aV b € [a) (bylemma 2.7). Since a ¢ M, aVb ¢
M as M is an ideal. Let a Vb # 1 .So (a V1] is a proper ideal. Then as b < (a VvV b), M
C (a V b], which is a contradiction to the fact that M is maximal. So a Vb = 1.
Conversely, Assume the condition holds and M is not maximal. Then there exists a proper
ideal @ such that M C Q. Let z € @\ M. Then there exists y € M such that 2 Vy =
1. Sincex € Q and y € M C @, we have 1 = 2V y € @, which is a contradiction to the
fact that ) is maximal. This completes the proof.

Now we give the definition of 1-coaxer lattices. A psedocomplemented 1-distributive
lattice is called 1-coaxer lattice if m(M) = M for every M € p. The pentagonal lattice
P; is a l-coaxer lattice (see Figure 1).

Rao [1] proved that (a)°V (b)° = (a V b)°. But in our case, if we consider (a)® and
(b)°in Ly, (see Figure 2), we see that (a)°V (b)° = (a] V (] = L but (a V b)° = (¢)° =
(a].

1
-”r ‘
b}
o
(1 c\ b
L 0

Figure 2. 1-distributive Lattice L1

Now we have the following theorem.
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Theorem 2.9. Let L be a pseudocomplemented 1-distributive lattice and a,b € L. Then
(@)°V (b)°= ((a"AD)")".
Proof. Let L be a pseudocomplemented 1-distributive lattice and a,b € L. Let
K=((a"Ab))Y={reL|z"V(a Ab) =1}

Let 7 € K and s € L with s < 7. Then r* < s implies 1 =7"V (¢ AbD") < s"V
(a"ADb)". So s € K. Hence K is a downset.

Now let us consider that, r,s € K. So 7"V (a ' Ab) =1 ands V(a' Ab) =1. As
L is 1-distributive, we have (r"As")V(a"Ab")" = 1 and this implies that (rV s)"V (a"Ab")"
= 1. So K is an ideal.

Clearly K contains (a)° and (b)°, as a < (aVb) < (aVb)” andb < (aVb) < (aV
b)” (by theorem 2.2). Now consider M = (m)° for any m € L, be another coaxer ideal
which contains (a)° and (b)°. Let r € K. Sor V (¢ Ab")" = 1. Since M contains (a)°
and (b)°, a € Mand b € M. So (aVb) € M as M is a coaxer ideal. So (aVb)'Vm =1
for every m € M. Thus (aVb)"Vm = (aVb)™ Vm = 1 implies that (aVb)™ € M. Now
as 7V (a Ab") =1, this implies r € M. So K is the smallest coaxer ideal which contains
both (@) and (b)°.

This completes the proof.

Now we have the following theorem.

Theorem 2.10. Let L be a pseudocomplemented 1-distributive lattice. Then the following
are equivalent:
(i) L is 1-coazer;
(i) for any a,b € L, aV b =1 implies (a)°V (b)° = L;
(iii) for any a,b € L, (a)°V (b)°= ((a"Ab")*)%;
(iv) for any two distinct maximal ideals M and N, 7(M)V w(N) = L;
(

v) for any M € p, M is the unique member of u such that 7(M) = M;

)
(vi) for any M € p, 7(M) is mazimal.

Proof. (i) = (ii). Let L be a pseudocomplemented 1-distributive lattice and L is
coaxer. Let a,b € L such that a Vb = 1. Suppose (a)°V (b)°# L. Then there exists
a maximal ideal M such that (a)°V (b)° C M. This implies (a)° C M and (b)° C M. So

(a)” € M
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= Mayrepa #(M) C M | by Theorem 2.6

=m(M;) C M [ for some M; € i, and by Theorem 2.5]

= M, C M [since L is coaxer |

=a€M

=a¢ L\M
Similarly b ¢ L\ M. Now L\ M is a prime filter (see [4]). Thisimplies 1 =aV b ¢
L\ M. Hence 1 € M and this contradicts the fact that M is proper. So (a)°V (b)° = L.
(17) = (i4i). This is clear from theorem 2.9.
(1ii) = (iv). Let M and N be two distinct maximal ideals of L. Let z € M \ N and y €
N\ M. Then by theorem 2.8,

x ¢ N = there exists z; € N such that x Vz, =1
and

y ¢ M = there exists y, € M such that y V y, = 1.
Hence (xVy,)V(yVaz)=(xVr)V(yVy)=1

L=Q1y=(@Vy)VyVe))

=L=(((xVy)V(yVa)).) [since1™=1]
=L=(xVuy)VyVae) [by (ii)]
=L=(@Vy)VyVae) Cr(M)Vnr(N) [sincexVy € M and (yVz,) € N |

= L C (M) V r(N)

Thus L = w(M) V 7(N).

(iv) = (v). Suppose condition (iv) holds. Let M € p and N € psuch that M # N
and m(N) € M. But n(M) C M. So this implies that 7(M) vV n(N) = M and by
condition (iv), m(M) V w(N) = L, which is contradiction. So M is the unique maximal
ideal such that w(M) C M.
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(v) = (vi). Let M € p and let 7(M) is not maximal. Then let M, be another maximal
ideal of L such that (M) C M,. But w(M,) C M,implies that M is not unique
maximal ideal such that 7(M) C M, which is contradiction. So 7(M) is maximal.

(vi) = (i). This is obvious from the definition of 1-coaxer lattice.
From this above theorem we have the following theorem.

Theorem 2.11. Let L be a pseudocomplemented 1-distributive lattice. If every chain of

L has at most three elements, then L is a 1-coaxer lattice.

Proof. Let L be a pseudocomplemented 1-distributive lattice and suppose every
chain of L contains atmost three elements. Let x,y € LwithazVy=1. Ifxr=1ory=1
then clearly ()°V (y)°= L. Suppose x # 1 and y # 1. Then z Ay < z < 1. Now if
x ANy =x we havey = (x Ay)Vy =xVy =1, which is a contradiction. So x Ay < x <
1is a three element chain. Thus x Ay = 0 and so x < y" and y < 2. This implies 1 =
xVy <zVa'. Thus z € (z)° and similarly y € (y)°. Hence 1 = z Vy € (z)°V (y)°.
Therefore (z)°V (y)° = L and L is 1-coaxer.

Rao [1] proved that the sublattice of a coaxer lattice is not always coaxer, when the
lattice is distributive. So for 1-distributive lattice the sublattice of a 1-coaxer lattice is
not always 1-coaxer. Now we have the following theorem.

Theorem 2.12. Let L be a pseudocomplemented 1-distributive lattice. Then every
sublattice of L is 1-coazxer if and only if for all x,y € L\{1}, x Vy = 1 implies that x Ay
=0.

Proof. At first suppose that every sublattice of L is 1-coaxer. Let x,y € L\{1} with
xVy = 1. If z Ay # 0 then there exists a z € L such that 0 < z < xAy. Now suppose L,
= {0, z,zAy,z,y,1}. Then clearly L, is a sublattice of L. Now we have a maximal ideal M
= {0, z, 2y, z} of L, where w(M) = {0} # M, which is a contradiction to the fact that
every sublattice is 1-coaxer. So x Ay = 0.

Conversely let the condition holds and let L, be a sublattice of L. Let x,y € L, with
xVy =1 Let (a),,° = (a)°N L, for any a € L,. Now since zVy =1, so (x),.° V (y).°
= L,. Consider x # 1 and y # 1, then as per the condition # A y = 0. Therefore z < y
andy <2". So 1 =2Vy <xVaz. This implies € (r),° and similarly y € (y);.°.
Thus 1 =2 Vye€ ()" V(y)n.' So (x),.° V (y)." = L. Therefore L, is 1-coaxer.

3. CONCLUSION

This paper has systematically explored the concept of coaxer ideals in 1-distributive
lattices and introduced the framework for 1-coaxer lattices. Through rigorous
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definitions and proofs, we established critical properties and characterizations of
coaxer ideals and demonstrated their significance within the broader context of lattice
theory. The results provide a deeper understanding of the structure and behavior of
pseudocomplemented 1-distributive lattices, including the conditions for minimal and
maximal ideals, the interplay between sublattices, and the unique attributes of 1-

coaxer lattices.
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