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Abstract

Let ¢ be a graph with p vertices and q edges. A centered polygonal graceful labeling of a graph o
isaonetoone function ; :v (G) - {0.1,2,.., C,(q)} Where ¢, (q) isthe g centered polygonal number
that induces a bijection ;. e(c) - {c, (1).C, (2).... C, (q)} Suchthat 2" (uv) =| A(u) — A(v) | for every
edge f " (e) = [fu)— f(W)| Ve=uvecE(G)- A graph which admits such a labeling is called a centered

polygonal graceful graph. Fork = 3, the above labeling gives centered triangular graceful labeling. For
k = 4, the above labeling gives centered tetragonal graceful labeling and so on. In this paper, centered
polygonal graceful labeling of some graphs are studied.

Index Terms: Banana tree, Centered polygonal graceful graph, centered polygonal graceful labeling,
Centered polygonal numbers, Corona graph, F-tree, Graceful labeling, Star graph, Y-tree.

1) INTRODUCTION

We shall consider a simple, undirected and finite graph c = (v,e) on p =|v |vertices and
q =| E |edges. For all standard terminology, notations and basic definitions, we follow

Harary [2] and for number theory, we follow Apostal [1]. A graph labeling is an assignment
of integers to the vertices or the edges or both subject to certain conditions. If the domain
of the mapping is the set of vertices (edges/both) then the labeling is called a vertex
(edge/ total) labeling. Rosa [9] introduced B—valuation of a graph. Golomb [4] called it
as graceful labeling. For a detailed survey of graph labeling, one can refer Gallian [3].
Ramesh and Syed Ali Nisaya [8] introduced some more polygonal graceful labeling of
path. For more details, refer [5-8, 10]. Here, we shall recall some definitions which are
used in this paper.

2) PROCEEDINGS

Definition 2.1: The star graph k. of order n+1 is atree on n edges with one vertex
having degree n and other vertices having degree 1.

Definition 2.2: The Corona G ,®G ,of two graphs G, and G , where G, has m vertices
and n edges is defined as the graph G , obtained by taking one copy of G ,and m copies
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of G,,and joining by an edge the i"vertex of G ,to every vertex in the i" copy of G, .

Definition 2.3: v -tree on n.1vertices, denoted byv_, is obtained from a pathp by
attaching exactly a pendant vertex to the vertices (n_1)" vertex ofp, .

Definition 2.4: F -tree on n+ 2 vertices, denoted by rp_, is obtained from a pathp by
attaching exactly two pendant vertices to the vertices n—1and n ofP, .

Definition 2.5: A Bananatree is a family of m stars ¢, .k, ... K. 3} m =1 With anew

in,

vertex v, adjacent to one end vertex of each star. Itis denoted by gt (n,,n,..... n_)-

Definition 2.6: A graceful labeling of a graph ¢ is a one to one function
f:Vv(G)—{0,1,2,.., q} thatinduces a bijection " : e(c)— {1,2,.., q} Of the edges of ¢
defined by 7 (e) =|f(u) - f(v)|, ve=uw e E(G). The graph which admits such a labeling
is called a graceful graph.

Definition 2.7: If the n" centered polygonal number is denoted by c, () then

C,(n) = E[”(” —1)] +1, Where k >3 is the number of sides of the polygon. Fork = 3,

it gives centered triangular numbers. Fork — 4, it gives centered tetragonal numbers and
SO on.

3) MAIN RESULTS

Definition 3.1: Let ¢ be a graph with p vertices and q edges. A centered polygonal
graceful labeling of a graph G is a one to one function 2 :v (G) —» {0,1,2,.., C,(q)} where
c.(q) Is the gwcentered polygonal number that induces a bijection
A E(G)> {C, @).C, (2).... C . (q)} such that s wv)—jaw)-aqy; for every edge
f'(e) =|f(u)- f(v)|, ve=uw eE(G). The graph which admits such a labeling is called a

centered polygonal graceful graph. Fork =3, the above labeling gives centered
triangular graceful labeling. Fork = 4, the above labeling gives centered tetragonal
graceful labeling and so on.

Theorem 3.2: k,, © K, is a centered polygonal graceful graph for alln >1.

Proof: Let 6=k, ®k, for alln>1. Let v()={v,v,:0<i<n, 1<j<2} and
E(G)=1{v,v,:1<i<nluivv, :0<i<n, 1< j<2}. Then G has 3n+3 vertices and 3n +2

ivij

edges. Let 1 :.v(G)—{0.,1,2,.., c, (3n+2)} be defined as follows.

2(vy)=0
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3k
l(vi)z7(n—i+1)(3n—3i+2)+1, 1<i<n

=C,(3n-3i+ 3), 1<i<n

k
A(v,)=2(v,)-=@n—in+n-j)@Bn—in+n-j-1)-1 1<i<n, 1< j<2
2

=A(v,)-C,(3n—in +n—j), 1<i<n, 1< j<?2
k _ _ .
A(vy,)= ;(3n+|)(3n+|—1)+1, i=1,2
=C,(3n+1i), i=1,2
Let 4+ . E(G)— {c,@). c,(2) ... C,(3n+2)} bethe induced edge labeling of 2 . Then
}f(vovi):%(n—i+1)(3n—3i+2)+1, 1<i<n
=C,(3n-3i+3), 1<i<n
. k
2 (vivij):5(3n—in+n— i3n—in+n— j-1)+1, 1<i<n, 1< j<?2
=C,(Bn—-in+n-j), 1<i<n, 1< j<?2
) k _ . .
y) (Von):E(3n+')(3”+'*1)+1- i=1,2
—C,(3n+1i), i=12

The induced edge labels c, @) c,(2)...c,@n+2) are distinct and the first 3n+2

consecutive centered polygonal numbers. Hence k,, ® K, is a centered polygonal
graceful graph for alln >1.

Example 3.3: The centered pentagonal graceful labeling ofK,, © K, is given in figure

(1).

Figure (1)
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Theorem 3.4: Let G be the graph obtained by identifying the leaves of k, with the

central vertex ofk,,. Then G is a centered polygonal graceful graph for alln >1.

Proof: Let G be the graph obtained by identifying the leaves of k,  with the central vertex
Oleyz- Let V(G)=1{v,v,,v,il<sisn&1=< j=<2} and E(G)={w,,v,v, i1si=sn&1< j=<2}
.Then G has 3n +1 vertices and 3n edges.
Let 1 :v(c)—{0,1,2,.., C, (3n)}be defined as follows.
A(v)=0
3k . . .
ﬂ,(vi):7(n—|+1)(3n—3|+2)+1, 1<i<n
=C,(Bn—-3i+3),1<i<n
k . . _ . . .
/l(v”)= ﬂ(vi)—5(3n—|n +n— j)3n—-—in+n—-j—1)-1,1<i<n and 1< j<2
=A(v,)-C,Bn—in+n-j), 1<i<n and 1< j<2
Let 1 :e(G)— {c,@).c (2)..c (3n) be the induced edge labeling ofi. Then
AT () = %(n7i+l)(3n73i +2)+1,1<i<n
=C,(Bn-3i+3), 1<i<n
2 (v, )= g(an—in +n— j)3n—-in+n— j—1)+1,1<i<n and 1< j<2
=C,(Bn—-in+n-j), 1<i<n and 1< j<2
The induced edge labels ¢, @), c, (2).... c, (3n) are distinct and the first 3an consecutive
centered polygonal numbers. Hence G is a centered polygonal graceful graph for all
n>1.

Example 3.5: The centered hexagonal graceful labeling of the graph obtained by
identifying the leaves of k., with the central vertex of k. , is given in figure (2).

Figure (2)
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Theorem 3.6: A v -tree Y, for n >3 is a centered polygonal graceful graph.

Proof: Let G be the vy-tree Yy  forn>3. Let v(G)={v,v,:1<i<n} and
E(G)={vv,,,w,,:1<i<n-1}. Then Ghas (n+1) vertices and n edges. Let
2V (G)—{0.1,2,.. c (n)}be defined as follows.

A(v,) =0

For2=<i=<n

A(v,) = A(viil)—g[(n—i+2)(n—i+1)]—1 if i is odd
AV, ) 2[(nfi+2)(n7i+1)]+l if i is even

Av,|l)+C.[n—i+2] if iis even

= z(v{l)—ck[n—nz] if i is odd

A(V)=A(v, ,)-1

Let 2" :E(G) —» {c (1).c,(2)..C, (n)} betheinduced edge labeling of 2. Then

k
A*(VyV, ,)=—(M —i+1)(n—-i)+1, 1<i<n-1
2
=C,(n—-i+1), 1<i<n-1
A*(w,)=1

The induced edge labels ¢, ). c,(2)....c,(n) are distinct and the first n consecutive
centered polygonal numbers. Therefore v -tree is a centered polygonal graceful graph for
alln> 3.

Example 3.7: The centered heptagonal graceful labeling of Y, is given in figure (3).

91
1 \"
0 148 42 13 70 92 84
v, 148 v, 106 v, 71 v, 43 Vv, 22 V, 8 V,
Figure (3)

Theorem 3.8: r -tree rp_, n > 3is a centered polygonal graceful graph.
Proof: Let G =FP,,n=3. Let V (G)={u,v,v,:1<i<n} and
EG)={vyv,, :1<i=n-1}u{uv, ,,w, }. Then ¢ has n+2 vertices and n+1 edges. Let

2V (G)—>{0,1,2,.. c (n+1)}be defined as follows.
A(v,)=0

For2<i=<n

Dec 2022 | 70



Xi'an Shiyou Daxue Xuebao (Ziran Kexue Ban)/

Journal of Xi'an Shiyou University, Natural Sciences Edition
ISSN: 1673-064X

E-Publication: Online Open Access

Vol: 65 Issue 12 | 2022

DOI 10.17605/0SF.I0/9GD6P

A(v,) = A(v,_y) 2[(n—i+3)(n—i+2)]—l if i is odd
A(v,_y) g[(n—i+3)(n—i+2)]+1 if i is even

= AWv,,)—-C,(n—i+3) if i is odd

A, ,)+C, (n—i+3) if i is even

A(v)=a(v,)-1

A(U) = A(v, )~k -1

Let i :e@) - {c,@).c,(2)..c (n+1) be the induced edge labeling ofs. Then
AT (v, = %[(n —i+2)(n—i+1)]+1, 1<i<n

=C,(n—i+2), 1<i<n

2 (uv, )=k+1

A (vw, )=1

The induced edge labels ¢, @), c, (2). ... c, (n +1are distinct and the first » - 1 consecutive

centered polygonal numbers. Hence r -tree rp_, 1 > 3iS a centered polygonal graceful

graph.

Example 3.9: The centered octagonal graceful labeling of gp_ is given in figure (4).

1364U 119V

9 1

0 225 56 177 96 145 120
v, 225 v, 169 v, 121 v, 81 v, 49 v, 25 vV,

Figure (4)
n_) IS a centered polygonal graceful graph for

Theorem 3.10: Banana tree gt (n,,n,

all n=n,=..=n_>3 andm = 2.

Proof: Let ®t(n,.n,...ny=-c for al n,n,.,n >3 andm=2. Let

V(G):{v,vi,wi,wij:1sism,lsjsni—l} andE(G):{vvi,viwi,wiwij:1sism,1sjsni—l}-
Then ¢ has m+n +n,+..+n_+1 vertices and m+n, +n,+..+n_edges. Define
A:V(G)—>{0,1,2,.., Cc(m+n +n,+..+n)} as follows.

A(v)=0
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k
A(v,) = E[(m+nl+n2+...+nm—i+1)(m+n1+n2+...+nm—i)]+1, 1<i<m

= C(m+n +n,+..+n_ —i+1), 1<i<m

k
2(w,) = A(v,) — E[(ni +n, , +..+n )n +n_, +..+n_ —-1]-1 1<i<m

=A(vp)—-C,(n;+n, ,+..+n_ ), 1<i<m

k
A(wy) =A(w,) + E[(ni+ni+1+...+nm— Dy +n, +..+n, — j—-1]+1, 1<i<m;1<j<n -1

=A(w)+C, (n,+n, , +..+n_—j), I1<i<m;1l< j<n -1
Clearly 2 is one to one and the induced edge labels are the first m+n +n, +..+n_
centered polygonal numbers. Hence Banana tree gt (n, ,n, ..., n,) IS a centered polygonal
graceful graphforall n, —=n, =..=n_ >3 andm = 2.

Example 3.11: The centered triangular graceful labeling of st (s,55,5,5,5,5,5)iS given in
figure (5).
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4) CONCLUSION

In this paper, we have studied about the centered polygonal graceful labeling of some
tree related graphs. The results proved in this paper are novel. Examples are provided
in each theorem for better understanding of the labeling pattern in each theorem.

5) Acknowledgments

Authors are thankful to the anonymous reviewer for the valuable comments and suggestions that improve
the quality of this paper.

References

1)

2)
3)

4)

5)

6)

7

8)

9)

10)

M. Apostal, Introduction to Analytic Number Theory, Narosa Publishing House, Second Edition —
(1991).

F. Harary, Graph Theory, Narosa Publishing House — (2001).

J.A. Gallian, A Dynamic Survey of Graph Labeling, the Electronic Journal of Combinatorics, 16(2013),
#DS6.

S.W. Golomb, How to number a graph , Graph Theory and Computing , R.C.Read , Academic Press
, New York (1972) , 23-37.

A. Rama Lakshmiand M.P. Syed Ali Nisaya, Centered Hexagonal Graceful Labeling of n-star graphs,
Paripex — Indian Journal of Research, Vol.8, Issue-10, October (2019), 1-2.

A. Rama Lakshmi and M. P. Syed Ali Nisaya, Centered Hexagonal Graceful Labeling of Caterpillar
and Uniform Caterpillar Graphs, Journal of Xi’an Shiyou University, Vol.17, Issue-12, (2022), 115-125.

A. Rama Lakshmi and M.P. Syed Ali Nisaya, Hexagonal Graceful Labeling of H-graphs, Design
Engineering, Vol.2021, Issue: 9, (2021), 5099-5107.

D.S.T. Ramesh and M.P. Syed Ali Nisaya , Some More Polygonal Graceful Labeling of Path,
International  Journal of Imaging Science and Engineering, Vol. 6 , No.1 , January 2014, 901-905.

A. Rosa, On Certain Valuations of the vertices of a graph, Theory of Graphs, (Proc. Internat.
Symposium, Rome, 1966, Gordon and Breach N.Y. and Dunod Paris (1967), 349-355.

M. P. Syed Ali Nisaya and D.S.T. Ramesh, Pentagonal Graceful Labeling of Caterpillar Graphs,
International Journal of Engineering Development and Research, Vol.6, No.4, (2018), 150-15

Dec 2022 | 73



