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Abstract

D, —Open Sets That Are Introduced And Analyzed In Topological Spaces By Sayed O.R And Khalil A.M
[1] Are Precisely Between The Class Of All A —Open Sets And G —Open Sets. In This Paper, We Introduce
The Concepts Of D, —Open And D, —Closed Functions In Bitopological Spaces. We Studied When The
Graph G(F) Is P —Strongly Closed And P — D, —Closed Subsets Of The Bitopological Space (X, Ty, Tz). In
Addition, We Define DY —Interior Of A Subset A Of X And D) —Closure And Prove Some Theorems
Concerning These Concepts.

Index Terms: P — D, —Continuous Function, P — D, —Graph, P — D, —Open Set.

1) INTRODUCTION

Generalized open sets are a key component of general topology, and many
mathematicians worldwide are now concentrating their study on them. The study of
differently modified versions of continuity, separation axioms and other concepts using
extended open sets is a major issue in real analysis and general topology. Typically, the
notions of a —open sets, initiated by Njstad [1] in 1965, and the generalized closed or
(g —closed) subsets, presented by Levine [2] in 1970, are the most well-known and also
represent sources of inspiration and have been extensively researched in the literature
since then.

Since then, lots of mathematicians have focused on using a —open sets and generalized
closed sets to generalize different ideas in topology. Kelly [3] pioneered the study of
bitopological spaces in a London mathematics society paper titled bitopological spaces
in 1963, and since then, several papers have been offered to expand topological notions
to bitopological ones. The triple(X, t4, T2), or simply X, is said to be a bitopological space
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if X is a non-empty set endowed with two topologies 1, and 1,. Cs'asz'ar [4] proposed the
notion of generalized topological spaces in the twentieth century, which has been
researched by lots of mathematicians all over the world. As a result, mathematicians
adopted a new approach, seeking to extend numerous topological concepts to this new
domain.

Dunham [5] in 1982 used g-closed subsets of X to define a new closure operator and
hence a new topological space (X,t*) where he transferred regularity conditions of a
topological space (X,T) to separation conditions of the new topological space (X, t%).
Kasahara [8] introduced a —closed graphs of an operation and initiated the idea of an
operation on topological spaces. Ogata [9] introduced the operation a as y —operation
and presented the notion of t, which is the set of all y-open sets.

2) PAIRWISE D, — SETS

Definition 2.1: A subset A of a bitopological space (X, t4, T2) IS T1 — g —closed if

C1(A) € 02(A) c 1, And A is T, — g —closed if C;(A) € 04(A) c 14. If Ais T, — g —closed
and 1, — g —closed, then it is called a pairwise g—closed set and denoted by p —
g —closed. X — A is p —open.
Theorem 2.2: [1] g —closedness property is closed under arbitrary union provided that
every g —closed set is closed.
Definition 2.3: In a bitopological space (X, T4, T2), if A is a subset of X then vi,j = 1,2,i #
j:
i. If A cint; (c]j (int; (A))), then A is called T; — a —open.
ii. If A ccl(intj(cl; (A))), then A'is called t; — a —closed.
iii. AisT; —generalized closed (t; — g —closed) if cl; (A) < U for some t; —open subset
U of (X, ;).
iv. GO(X)={A:AisTt;—g— open}
V. GC(X) ={A:AisTt;—g— closed}
vi. If0=n{0:0ist; —a—open, 0 c A}, then O is denoted by int,(A).
vii. IfF=n{F:Fist; —a—closed, A c F}, then F is denoted by cl,(A).
viii.  cli(A) denotes N {M: M is t; — g — closed, A c M}.
iX. T;—a0X)={U:Uisi— a—openinX}.
X. T;—aC(X)={F:Fisi— a — openinX}.
Xi. T;—a0(Xx)={U:xeUE€rT —a0X)}
Xi. i—aCXx)={F:x€eFert —aCX)}.
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Definition 2.4: If f: (X, t4, 12) = (Y, 04, 02), then:

I.  The subspace {(x,f(x)):x € X} of X X Y is the graph of f [6] and denoted by G(f).
ii. fisp —closed if G(f) is a (t;,0;) —closed subset of X X Y Vi = 1,2.
li.  fis a p-strongly closed graph if V (x,y) € G(f),3U an t; —open subset of X and V a
T; —open subset of Y such thatx € V.and (U X cl;(V)) N G(f) = ¢ Vi,j = 1,2,i # .
iv. fis p—strongly a—closed graph if V(x,y) € XX Y — G(f), 3U an t; — a —open
subset of X and V a 1; —a —open subset of Y such that (U X cl;(V)) n G(f) =
eVij=12,i#j.

Lemma 2.5: The graph G(f) is p —strongly closed iff V(x,y) € G(f) , 3U a t; — a —open
subset of X and W a 7; — a —open subset of Y such that containing x and y (respectively)
suchthat f(U)Ncly(W) = ¢ Vi,j =12,i# .

Definition 2.6: A subset A of (X,t,,7;) is 1; — D, —closed if cl} (intj(cli(A))) Vi,j =
1,2,i#j.IfAist; — D, —closed, then X — A is t; — D, —open .

If Ais 7; — D, —closed Vi = 1,2, then A is p — D, —closed. The set of all p — D, —closed
subsets of (X, 14, 7,) is denoted by p — D, — C(X).

Theorem 2.7: (i) A subset F of (X, t4,72) isan t; — D, —closed if itis 7; — a —closed Vi =
1,2.

(ii) A subset F of (X,14,72) is t; — D, —closed if itis ; — g —closed Vi = 1,2.
Proof: (i) Let F be a 7; — a« —closed subset of (X, 74,72) Vi = 1,2.
Then cl} (F) < cl;(F) [7].

Hence, cli(intj(cli(F))) cF.

so, ci; (int;(ct(F))) <cl; (intj(cl;‘(F))) CEVij=12,i#]
Therefore, F is t; — D, —closed

(i) Let F be a t; — g —closed subset of X Vi = 1,2.

Then, cl;(F) = F.[7]

So, int; (¢l (F))ecl (F) Vi,j = 1,21 # .

Hence, cl; (int;(cl; (F))) <l (cl; (F)) ccli (F) = F.

Thus, F is t; — D, —closed.

Lemma 2.8: If F is t; — g —closed subset of (X, 14, 7;) such that int;(cl; (4)) c A C F for
some A c X, thenAis t; — D, —closed Vi,j = 1,2,i #j.
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Proof: cl;(F) = F since F is t; — g —closed subset of X Vi = 1,2.
Hence, cl; (int;(cl; (4)) )ecl; (int; (A)) € AVi,j=1,2,i #].
Thus, A is t; — D, —closed.

Theorem 2.9: In the bitopological space (X,t4,12), arbitrary intersection of t; —
D, —closed sets is t; — D, —closed.

Proof: If F = {Fp: p € I'} is a family of 7; — D, —closed subsets of (X, 74, 72).

Then, cl; (intj (cl;f‘(Fﬁ)))cFB VB eT.

But Nger Fsc BET VB ET.
So, cl; (intj (cl?(Fﬁ))) C NgercliFg
Hence, cl} (intj (clz‘(F[;))) C Nger cliFp

cclf (intj (clz‘(Fﬁ)))
C ﬂﬁerCliFﬁ Vﬁ € F
Thus, Nger Fp is T, — D, —closed.

Corollary 2.10: (i) If F; and F, are two subsets of (X, 74, T,) such that F, is 7; — D, —closed
and F, is t; — a —closed, then F; N F, is t; — D, —closed Vi = 1,2.

(ii) If F; and F, are two subsets of (X, 74, 7,) such that F; is 7; — D, —closed and F is
t; — g —closed, then F; N F, is t; — D, —closed Vi = 1,2.

Remark 2.11: In the bitopological space (X, t,,1.), if A is a subset of X, then Vi = 1,2:
() X —int;(X — A) = cl;(A).

(i) X — cl;(X — A) = int;(A).

Theorem 2.12: In (X,14,72), a Subset A is t; — D, —open iff

A c int;(cl; (int;(A))) Vi,j = 1,2,i # j.

Proof: For the necessary part, if A is an t; — D, —open subset of X Vi = 1,2.

Then, X — Ais t; — D, —closed and cl; (int;(cl; (4)) € X — A.

So, Acint; (cl;(int; (A))) Vij = 12,0 # j.

For the sufficient part, if c int; (clj(int;‘(A))) Vi,j=12,i#]j.
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Then, , X — int; (cl;(int{ (4))) € X — A.

So, int} (clj(inti*(A))) cX-A4

Hence, X — Ais t; — D, —closed.

Thus, A is t; — D, —open.

Corollary 2.13: For (X, t4,72), asubset A is t; — D, —open if there exists U a t; — g —open
subset such that U c A c int/ (clj(U)), then Ais t; — D, —open Vi,j = 1,2,i #j.

Proof: Suppose that U is an 7; — g —open subset of X Vi = 1,2.

Then, X — U is t; — g —closed and X — int; (clj(X - U)) cX—-AcX-U

Thus, cl; (intj(X - U)) CX—AcCX-U.

So,X—Aist; — D, —closed.

Hence, A is t; — D, —open Vi = 1,2.

Theorem 2.14: For (X, 14,12), every t; —a —open (t; — g —open) is t; — D, —open Vi =
1,2.

Corollary 2.15: For the space (X, 74, 72):

() Arbitrary union of z; — D, —open set is t; — D, —open Vi = 1,2.

(i) If Ais an t; — D, —open subset of X and B is an t; — a —open set, then AU B is
t; — D, —open.

(i) If Ais an t; — D, —open subset of X and V is an t; — g —open set, then AUV is
t; — D, —open.

Definition 2.16: In the bitopological space (X, t4,12), if A € X, then Vi = 1,2:

i. The D} —interior of a subset 4 of X, denoted by D}, — int;(A), equals

Uyer{U,: U, € 1, — D,0(X), U, < A}.

ii. The DL —closure of a subset A of X, denoted by D} — cl;(A) equals

Nyer(F,: F, € T; — D,C(X),A C F,}.

Lemma 2.17: In the bitopological space (X, t4,12), if A C X, then Vi = 1,2:

(i) X — (D — int;(A)) = D¢ — cl;(A)

(i) X — (D& — cl;(A)) = D§ — int;(4)
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Theorem 2.18: For the bitopological space (X, 14,12), if A,B c X, then Vi,j = 1,2,i # J,
then:

(i) D} — int;(¢p) = ¢ and D}, — int;(X) = X.
(ii) A is p — D, open iff D}, — int;(4) = A and D] — int;(A) = AVi,j =12 i #j.
(iii) 7; — a — int;(4) c D}, — int;(A) C A.
(iv) int; (A) c DL — int;(A)
(v) D& — int; (Di — int;(4))=D}, — int;(A).
(vi) If A c B, then D/, — int;(A) c D}, — int;(B)
(vii) (DL — int;(A))U( D} — int;(B))c D}, — int;(AU B)
(viii) D — int; (A N B) c( D — int;(A))N( Dy — int;(B)).
Theorem 2.19: In the bitopological space (X, t41,72), IfA € X, thenVi,j =1,2,i #j:
() D — int;(A) = A nvint; (cly(int; (4))).
(ii) D — cl;(4) = AU int] (cly(int; (4))).
Proof: (i) D}, — int;(A) is p — D, — open and D}, — int;(A) c A.
Hence, D, — int;(A) c int} (clj (Di - ing; (A)))
C int] (clj(intg*(A)).
Now, , D}, — int;(4) € AU int] (cl;(int; (4)) )
So, AU int} (clj(intl’-“(A))) is p — D, — open
AUint} (clj(intlf“(A))) c D}, — int;(A4).
Thus, D} — int;(4) = A nint; (cl;(int; (4)) )
(i) D& — cli(A) =X —int;(X — A) =
=X—(X—-A4)

=X-X-A)VUX-—int] (clj(intlf"(X - A))))

=Aucl (intj(cl? (A)))
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Definition 3.1: If (X, t4,72) and (Y, 04, 0,) are two bitopological spaces, then the function
fi:(X,14,72) = (Y,04,0,) is called t; — D, —continuous if the inverse image of each

o; —opensetinYist; — D, —openin X Vi,j =1,2,i #j.

Lemma 3.2: (i) Every t; — a —continuous function is 7; — D, —continuous Vi,j = 1,2,i #

]-

(ii) Every t; — g —continuous function is t; — D, —continuous Vi,j = 1,2,i # j [10].
Theorem 3.3: In (X,74,72) and (Y,04,02), if f: (X, 14, 72) = (Y,01,02), then Vi,j =1,2,i #

jand VA c X,B c Y, the following are equivalent:

(i) fist; — D, —continuous.

(i) vx € X and for each 7; —open subset V of Y such that f(x) € V, there exists a
7; — D, —open subset U of X containing such thatx € X and f(U) c V.

(ii) Inverse image of each o, —closed subset of Y is 7, —closed subset of X.

(iv) f(Di— int;(A)) < cl;(f(A))
(V) Dé—cLi(f1(B)) € f(cl;(B)).
(Vi) fi(inty(B)) c Dg — int;(f*(B)).
Proof:
(i)—(ii) f~1(V) € p — D,0(X) ¥p —open subset of Y.
Now, if x € f7X(V), then f(f X (V)) cV
(ii)—(iii) Direct

(iii)—(iv) If F is a p —closed subset of Y such that F c f(A).

Then A c f"*(F) is p — D, — closed subset of X.
Hence, D — cl;(A)c D — cl; (f (F))=f""(F).
Thus, f(D§ — cl;(A)) C F.
Therefore, (DL — cli(f (A)) < cL;(f (A).
(iv)—(v) Let B be a subset of Y.
Then f (D — c,;(f*(B)) < cli(f (f(B))
c cl;(B).
So, D}, — clj((f‘l(B)) c cljf‘l((B).
Hence, D} — cl;((f (B )) c f*(cl;(B)).
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(V)—(vi) D& — cly (f (Y = B))  f™(D — cl; (Y = B)).
Then D), —cl; (X — f*(B)) € f(Y — int;(B)).

So, —D/, —int; (f"*(B)) € X — f~(int;(B)).

Thus, f~*(int;(B)) c D}, — int;(f(B))

(vi)—(i) Let V be a t; —open subset of Y [11].

Then £~1(int;(V)) c D& — int;(f 1 (V).

So, f7(int;(V)) c DL — int;(f (V).

Thus, (V) is an 7; — D, —open.

Consequently, f is p — D, —continuous.

Theorem 3.4: The composition of t; — D, —continuous function and t; —continuous
function in the bitopological space (X, t4,1,) is t; — D, —continuous Vi = 1,2.

Definition 3.5: If (X, t4,72) and (Y, 04, 02) are two bitopological spaces, then the function
f:(X,14,72) = (Y,04,0,) has D, —closed graph if V(x,y) € (X X Y) — G(f),

U €t1; —D,0(X,x)and V € GO(Y,y): (UXxcl;(V))NG(f) = ¢ Vi=1,2.
Lemma 3.6: In (X, 74, 72), every closed graph is t; — D, —closed Vi = 1,2.

Theorem 3.7: If (X, 714, 72) and (Y, 04, 0>) are two bitopological spaces, then the function
f:(X,t1,72) » (Y,04,0,) is t; — D, —closed graph iff V(x,y) € (X X Y) — G(f),

U €1, —D,0(X,x)and V € GO(Y,y): (Uxcl;(V))NG(f) = ¢ Vi=1,2.
Proof: For the necessary part, if f: (X, 74, 72) = (Y,04,02) is D, —closed graph.
ThenV(x,y) e X xY)—-G(f),3U €1, —D,0(X,x)and V € GO(Y,y):

U xc;(V))NG(f) = ¢.

So, fi(x) € f;(U) and y € cl; (V).

But y # f;(x), hence f;(U) ncl; (V) = ¢.

For the sufficient part, suppose that (x,y) € (X XY) — G(f)

U €1, —D,0(X,x)and V € GO(Y,y): (U X cl;(V))NG(f) =¢Vi=1,2.
Then f;(x) # y and f;(U) Nncl; (V) = ¢.

Theorem 3.8: If (X,74,72) and (Y, 04, 0,) are two bitopological spaces, then the function
f:(X,t1,72) = (Y,04,0,) IS 1; — D, —closed graph if V(x,y) € (X XY) — G(f),

Vet — D O0(X,x)and V € T; — Do (Y, y):(Uxcl; (V) N G(f) = ¢.
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Proof: If f is an D, —closed graph, then for (x,y) € (X xY) — G(f), 3U € t; — D,0(X, x)
andV € GO(Y,y) [13].

But 7; — g —subset is 7; — D, —open, then D} — cl;(V)c cl;(V).

Hence, (U x D§ — c;(V)) N G(f) = ¢ Vi = 1,2 [14].

Theorem 3.9: If (X,74,7,) and (Y, 04, 0,) are two bitopological spaces, then the function
f:(X,t1,72) = (Y,04,02) is D, —closed graph V(x,y) € (X xXY)—G(f),3U € D,0(X,x)
and

VED, (Y,y)®U x D — c,(V)) N G(f) = ¢ if V(x,y) € (X xY) — G(f),
A er; —D,0(X,x)and V € 1; — D, — (Y, y): f;(U) N D}, — cl;(V) = ¢.

Definition 3.10: If (X, 74, 72) and (Y, o4, 0,) are two bitopological spaces, then the function
f:(X,t1,72) = (Y,04,0,) is has a strongly D, —closed graph if V(x,y) € (X X Y) — G(f),

AU €D, 0(X,x)andV € O(Y,y): (UXc;(V)NG(f) =¢ Vi=1,2.
Remark 3.11: (i) A strongly D, —closed graph is D, —closed in (X, T4, 72).
(ii) Every strongly t; — @ —closed graph is strongly D, —closed graphin (X, t4,72) Vi = 1,2.

Theorem 3.12: If (X, t4,72) and (Y, o4, 0,) are two bitopological spaces and fot the function
f:(X,t1,72) = (Y, 04,02), the following are equivalent:

() f has strongly D, —closed graph.
() V(x,y) e XXY)—=G(f),3UED,O0X,x)and Ve O(Y,y): f(U)ncly;(V) =¢Vi=12.
(i) V(x,y) € (X XY) = G(f),3U € D,0(X,x) and V € O(Y,y): (U X c;(V)) N G(f) = ¢.

Corollary 3.12: If (X, 74, 72) and (Y, 04, 0,) are two bitopological spaces and the function
f:(X,t1,72) = (Y,04,0,) is strongly D, —closed graph, then vx € X,

f(x)=n{c;(W):W ep—-D,0(X,x)}.

Proof: Suppose that if f: (X,14,72) = (Y, 041, 02) is strongly D, —closed graph, then 3y #
fx):yen{c;(W):W ep—-D,0(X,x)}.

So, y € cl;(f(W)) forsome W € p — D,0(X, x).
Hence, VYV € aO(Y,y),V N f(W) # ¢.

Thus, f(W) =¢and fF(W)cV c f(V)ncly,(V) which contradicts that f is strongly
D, —closed graph.

As a consequence, x € X, f(x) =n{cl;(W):W € p — D,0(X,x)}.

Theorem 3.13: If (X,74,72) and (Y,o0,,0,) are two bitopological spaces, the function
f:(X,t1,72) » (Y,04,0,) is p— D, —continuous, and Y is p —Housdorff, then G(f) is
strongly p — D, —closed.
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Proof: Suppose that (x,y) € (X X Y) — G(f). Since Y is p —Housdorff,

AW e o(Y,y): f(x) & cly(W)Vi=1,2.

But cl;(W)ist; —closed,soY — cl;(W) € O(Y,y) and 3U € D,O0(X,x): f(U) c Y — cl;(W).
Hence, f(U) Nncl;(W) = ¢.

Thus, G(f) is strongly D, —closed [12].
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